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Based on extensive parallel-tempering Monte Carlo simulations, we investigate the relationship between
cluster percolation and equilibrium ordering phenomena in the three-dimensional £+J random-bond Ising model
for different fractions of antiferromagnetic bonds. We consider a range of cluster definitions, most of which are
constructed in the space of overlaps between two independent replicas of the system. In the pure ferromagnet
that is contained as a limiting case in the class of problems considered, the relevant percolation point coincides
with the thermodynamic ordering transition. For the disordered ferromagnet encountered first on introducing
antiferromagnetic bonds and the adjacent spin-glass phase of strong disorder, this connection is altered, and one
finds a percolation transition above the thermodynamic ordering point that is accompanied by the appearance of
two percolating clusters of equal density. Only at the lower (disordered) ferromagnetic or spin-glass transition
points the densities of these two clusters start to diverge, thus providing a percolation signature of these
thermodynamic transitions. We compare the scaling behavior at this secondary percolation transition with the
thermodynamic behavior at the corresponding ferromagnetic and spin-glass phase transitions.

DOLI: 10.1103/y464-wxbk

I. INTRODUCTION

Cluster-based approaches provide elegant and versatile de-
scriptions of the phenomena at continuous thermodynamic
phase transitions [1-3]. While the list of applications of such
approaches is long, and new systems with geometric descrip-
tions keep being added (see, e.g., Ref. [4]), this is particularly
true for unfrustrated lattice spin models [3,5]. A prototypical
example is the usage of Fortuin—Kasteleyn—Coniglio—Klein
(FKCK) clusters in the Ising ferromagnet [6,7]. The con-
struction of these clusters allows for a mapping between the
paramagnetic—ferromagnetic phase transition and the perco-
lation transition of FKCK clusters, where the density of the
largest cluster is equal to the magnetization. Furthermore,
the corresponding Swendsen—Wang cluster Monte Carlo dy-
namics [8,9], which is based on FKCK clusters, drastically
reduces the effect of critical slowing down in comparison
to local algorithms and thus provides a powerful tool for
simulations [10,11].

For frustrated systems such as spin glasses [12-15], a
similarly close connection between the percolation of spin
clusters and the thermal phase transition has not, in general,
been established. In fact, it has been shown that in such sys-
tems spin clusters and even FKCK clusters percolate at high
temperatures far above the ordering transition [16-20]. While
in the pure ferromagnet and even in unfrustrated disordered
magnets, the spin-spin correlation function follows from the
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probability yy, for spins at x and y to be in the same cluster,

[(sesy)s| = (Vay)els )

in the presence of frustration, this identity is weakened to an
inequality, viz.

|<sty)S| < <J/xy>cl- ()

Consequently, the direct relation between the density of the
largest cluster and the order parameter in the ferromagnet is
lost for the case of frustrated systems, where FKCK cluster
percolation no longer implies the presence of long-range order
[21] (but see Ref. [22] for a possible generalization). For spin
glasses, long-range ferromagnetic order is absent and, instead,
there is spin-glass ordering evidenced by the appearance of a
nonzero overlap between two independent replicas [12]. It is
hence natural to consider cluster definitions derived from mul-
tiple replicas [20,23-25] to describe such transitions. Chayes,
Machta, and Redner [26] as well as Jorg [27] (CMRIJ) have
provided a cluster definition in this spirit.

CMRJ clusters have been studied in the Sherrington—
Kirkpatrick (SK) model [28], representing the mean-field
limit of spin glasses, where it was shown that the density
difference of the two largest clusters is equal to the overlap,
becoming nonzero at the spin-glass transition [29,30]. In two
dimensions, on the other hand, CMRJ clusters asymptotically
do not percolate at non-zero temperature, in agreement with
the zero-temperature spin-glass transition there [20]. These
CMRJ clusters, as well as a related cluster definition due to
Houdayer [31], have also found numerous numerical applica-
tions in Monte Carlo simulations [23,31-39].

In the present work, we explore the behavior of different
cluster types for the crucial case of three dimensions, where
a finite-temperature spin-glass phase is present. To arrive
at a fuller picture, we consider the general case of the +J
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random-bond Ising model with different fractions of antifer-
romagnetic bonds, 0 < ¢ < 0.5. Specifically, the model is
examined in detail for ¢ = 0, representing a pure ferromag-
net; ¢ = 0.125, corresponding to a disordered and frustrated
ferromagnet; and ¢ = 0.5, which describes a spin glass. This
approach provides insight into the relationship between ther-
mal phase transitions and cluster percolation at different levels
of frustration and disorder. Using extensive Markov chain
Monte Carlo simulations together with suitable finite-size
scaling (FSS) analyses, we study percolation properties of
the considered cluster types. In particular, we are focused
on the question of when percolating clusters first appear and
when density differences between percolating clusters set in.
We find that these events coincide with the occurrence of
the relevant ordering transitions and, where appropriate, we
consider the relation of the corresponding percolation crit-
ical exponents to the exponents of the associated thermal
transitions.

The rest of this paper is organized as follows: In Sec. II,
we introduce the +J random-bond Ising model and the as-
sociated phase diagram. We then move on to discuss the
relevant cluster definitions and some of their basic properties.
Section III provides a summary of the considered observ-
ables together with the expected FSS behavior. The following
three sections present our results for the cases of the pure
ferromagnet (Sec. IV), which we studied as a reference, the
intermediate case of the disordered and frustrated ferromagnet
(Sec. V), and the spin-glass problem with equal proportions of
ferromagnetic and antiferromagnetic bonds (Sec. VI). Finally,
Sec. VII contains our conclusions and outlook.

II. MODEL, PHASE DIAGRAM,
AND CLUSTER DEFINITIONS

We study the +J random-bond Ising model with Hamilto-
nian

Hy(S) == Juysusy. (3)
(x.y)

The Ising spins s, € {£1} are placed on the sites of a cubic
lattice of linear size L such that there are N = L* spins in
total. The symbol (x, y) refers to the summation over nearest
neighbors only. In our actual calculations, we always take
periodic boundary conditions to remove surface effects. The
exchange couplings J,, are time-independent (quenched) ran-
dom variables which, for the purposes of the present work, are
drawn from a bimodal distribution,

Pi(Jey) = ¢ 8(Uxy + D+ (1 =) 5(Jyy — 1), “4)

that is, a bond is either antiferromagnetic J,, = —1 with prob-
ability ¢ or ferromagnetic J, =1 with probability 1 — ¢.
The bond is said to be satisfied if Jy,s,s, = 1 and broken
if Jiysxsy = —1. A key property of this Hamiltonian is the
presence of frustration for any ¢ > 0. A system is said to be
frustrated if no spin configuration exists that satisfies all bonds
simultaneously.

The model is studied in the canonical ensemble at tem-
perature T such that, in equilibrium, the spin configurations
S € {£1}" are Gibbs—Boltzmann distributed. The properties
of the thermodynamic state of the model are determined by

two parameters: the temperature 7' and the fraction of anti-
ferromagnetic bonds ¢. Depending on these parameters, the
system is in one of four distinct phases. At high tempera-
tures, the system is in a paramagnetic phase, while at low
temperatures it transitions either into a ferromagnetic or an-
tiferromagnetic phase, or into the spin-glass phase, depending
on the value of ¢. Since for the bipartite simple cubic lattice
the antiferromagnetic phase is simply related by symmetry to
the ferromagnetic one, we restrict our attention to the regime
0 < ¢ < 1/2. To differentiate between the paramagnetic, fer-
romagnetic, and spin-glass phases, two order parameters are
introduced: the magnetization, which characterizes the ferro-
magnetic state, and the overlap, which describes the spin-glass
state. The magnetization of a single spin configuration is given
by

- 1
i(S) = v > s 5)

Within the ferromagnetic phase, the average magnetization
m := [{|m])s]; is nonzero, whereas in the paramagnetic and
spin-glass phases it approaches zero in the thermodynamic
limit. Here, (- - -)g represents the thermal average taken over
the Gibbs—Boltzmann distribution, while [---]; denotes the
average over the quenched disorder. The overlap is the order
parameter of the spin-glass transition and is defined by

1
s, 8 =+ 3 4w, (6)
X

where g, = (Vs and sV € SV, 5@ € §@. Here SV and
S§@ denote two spin configurations that belong to different,
independent replicas of the system. Accordingly, the aver-
age overlap ¢ := [{|¢1)s,]s is computed using the two-replica
Gibbs—Boltzmann distribution,

1 .
Ps, (8, SPN) = — exp (—H}”/T) with

J
HY = =3 "Iy, (7
(x.y)

Here, 5 = (s\", s?) are two-component vector spins such
that 3,3, = s{"s{") 4 s)s{», and Z; is the partition function
for a given realization J of bonds. Note that, for convenience,
the Boltzmann constant is set to kg := 1. Asymptotically, the
overlap is nonzero in the ferromagnetic and in the spin-glass
phase, whereas it is zero in the paramagnetic phase.

In Fig. 1, we show a schematic phase diagram of the three-
dimensional £J random-bond Ising model [40], based on data
from Refs. [19,41-45]. The boundary separating the paramag-
netic and ferromagnetic phases starts at the Ising critical point
[46] T := T;:(0) = 4.51152326(11), which falls within the
Ising universality class. The boundary then extends downward
to the multicritical point [43] at T* = 1.6692(3) and ¢* =
0.23180(4). In the interval 0 < ¢ < ¢*, the paramagnetic—
ferromagnetic phase transition belongs to the disordered Ising
universality class [41]. At the multicritical point, also referred
to as the Nishimori point, the paramagnetic, spin-glass, and
ferromagnetic phases meet. Beyond this point, where ¢* <
¢ < 0.5, the phase transition between the paramagnetic and
spin-glass phases belongs to the Ising spin-glass universality
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FIG. 1. Phase diagram of the three-dimensional +J random-
bond Ising model according to the data of Refs. [19,41-45]. The
data points for the CMRIJ percolation transition originate from the
present study (green crosses). The red dot illustrates the location of
the multicritical Nishimori point. The black dots indicate important
transition points: the pure Ising critical point, the intersection of
the FKCK transition line with the Nishimori line, the spin-glass
transition temperature for ¢ = 0.5, and the zero-temperature tran-
sition between the ferromagnetic and spin-glass phases. The lines
connecting the data points are included as visual guides, except for
the Nishimori line, which is explicitly defined in Eq. (11).

class [42,47,48]. At the endpoint of the transition line, where
half of the bonds are antiferromagnetic, the spin-glass transi-
tion temperature is [48] T, (0.5) = 1.1019(29). The boundary
between the ferromagnetic and spin-glass phases extends from
[45] Ti(¢o) = O at ¢y = 0.2253(7) up to the multicritical point
[44,49]. The phase diagram can be symmetrically extended to
values of 0.5 < ¢ < 1. In this case, the magnetization needs
to be replaced by the staggered magnetization in order to iden-
tify antiferromagnetic order instead of ferromagnetic order.

The aim of the present study is to characterize thermal
phase transitions in the +J random-bond Ising model through
the properties of several types of clusters. The corresponding
bond-percolation problem is introduced as follows: each bond
in the system is occupied with a probability py,, and clusters
are formed based on the occupied bonds. Specifically, all
spin sites that can be connected through a path of occupied
bonds belong to the same cluster. The smallest possible cluster
consists of just one spin site, while the largest can contain
all the sites. The tuning parameter of percolation is the oc-
cupation probability. In the percolation problems discussed
here, the occupation probability depends on the underlying
spin configurations. This contrasts with random percolation,
where each bond is occupied independently with a uniform
probability [3]. Typically, there is a nonpercolating subcritical
phase for low occupation probabilities and a percolating su-
percritical phase for high occupation probabilities. The system
is said to percolate if there is one or more clusters that span
the entire system. The percolation threshold py, denotes the
critical occupation probability above which an infinite (perco-
lating) cluster exists in the thermodynamic limit.

A straightforward way to define meaningful clusters in
the Ising model is by identifying regions where the order
parameter takes an identical value [3]. For the magnetization,
bonds are hence activated between all like spins, and the
bond-occupation probability is thus given by

: 1 ifs,=s
(Ising) __ X y
Py = {O else, ®)

and we denote the corresponding clusters as Ising clusters. In
the same spirit, given two replicas, geometric clusters can be
defined in the domains of constant overlap. In this case, the
bond occupation probability is given by

1
H
chy) = {0

and we denote the corresponding clusters as Houdayer clus-
ters [31]. Although both Ising and Houdayer clusters are
useful to describe the phases of the £/ random-bond Ising
model, they do not properly represent the correlations of the
order parameters. Clusters that have this property, at least
when the system is not frustrated, are the single-replica FKCK
clusters with bond-occupation probability [6,7]

if g = qdy
else, ®)

(FKCK) __
xy -

2J.
1 —exp <—$) if Jyysysy, > 0 (10)

else.

For the pure Ising model at ¢ = 0, the FKCK percolation
transition maps onto the ferromagnetic phase transition, see
Eq. (1), exhibiting identical critical behavior [3]. However, for
¢ > 0, this mapping breaks down, cf. Eq. (2), and the critical
temperature of the percolation transition exceeds that of both
the ferromagnetic and spin-glass transitions [17,18,21]. Ac-
cording to Monte Carlo simulations, the FKCK percolation
transition for values of ¢ > 0 belongs to the universality class
of random percolation [16,19]. On the Nishimori line, the
critical temperature of the FKCK percolation transition can
be determined using the random-bond percolation threshold
of the cubic lattice, given by [50] pg, = 0.248 811 82(10). The
Nishimori line is a special set in parameter space derived via
a gauge transformation. On this line, physical quantities such
as the internal energy can be computed exactly, and remark-
able correlation identities hold [51,52]. The line originates at
T = 0 for ¢ = 0, passes through the multicritical point, and
diverges as ¢ — 0.5. Its precise form is defined by [52]

2
In[(1 - ¢)/¢]

At ¢nrrck = (1 — pw)/2 the Nishimori line intersects the
FKCK transition line [53-55] as shown in Fig. 1. At this
intersection, it has been rigorously proven that the FKCK
transition belongs to the random-percolation universality
class [55].

For ¢ > 0, the physical interpretation of the FKCK per-
colation transition remains unclear [55-57]. Instead, a more
meaningful approach is to consider clusters defined across
multiple replicas that can be directly linked to the overlap
[23], such as Houdayer clusters. A two-replica cluster defini-
tion, in this spirit, emerges from the graphical representation
of Chayes, Machta, and Redner [26,29,30], as well as from

In(g) = (11
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the cluster algorithm of Jorg [27]. The bond-occupation prob-
ability of these CMRIJ clusters is given by [58]

(CMRJ) __
xy -

25y 5y
1 —exp (—%) if JyySxSy > 0 (12)

else.

This implies that a bond is occupied only if it is simultane-
ously satisfied in both replicas. Consequently, spins within the
same CMRIJ cluster share an identical value of the overlap.
The results for the percolation temperatures of the CMRJ clus-
ters, presented in Fig. 1, indicate that these clusters percolate
within the temperature range between the FKCK percolation
transition and the thermal phase transition for 0 < ¢ < 0.5.1In
the special case of ¢ = 0, CMRIJ clusters percolate precisely
at the critical temperature of the pure ferromagnet, Tj.

Note that Newman and Stein also proposed a definition for
multireplica clusters in spin glasses, the two-replica FKCK
clusters [57]. These ideas are further discussed in Appendix D.

III. OBSERVABLES AND FINITE-SIZE SCALING

To investigate the connection between the thermal (ferro-
magnetic or spin-glass) phase transitions in the disordered
Ising model and the percolation transitions of the various
types of clusters considered, we study observables that are
able to describe magnetic and spin-glass ordering as well as
quantities typically considered in percolation theory.

A. Percolation quantities

Clusters naturally are the central objects of interest in
percolation [59-61]. The density p of a cluster is defined as
the number of sites contained in the cluster, also referred to
as the cluster size, divided by the total number N of lattice
sites in the system. In the following, we assume that the
clusters are ordered by their densities such that p; > ;41 for
i=1,2,3,..., meaning that p| represents the largest cluster,
> the second largest, and so forth. The order parameter of
the percolation transition is the density of the largest cluster,
o1 = [(P1)als, also known as the percolation strength Pa,
where (- - - ) denotes the average over the configurations of
occupied bonds [59].

The tuning parameter of the percolation transition is the
occupation probability. For the clusters defined in Sec. II,
the occupation probabilities explicitly or implicitly depend
on temperature. As a result, the observables are studied as
functions of temperature. According to finite-size scaling, the
leading-order singular behavior of the largest cluster in the
critical region is given by [59]

Ll py = w,aL'), (13)

where t = (T — T¢.)/T; is the reduced temperature and W, is
the corresponding scaling function. Here 7, denotes the criti-
cal temperature of the percolation transition of the considered
clusters, which is analogous to the percolation threshold in
random percolation. At the critical temperature, the average
cluster size diverges as [59]

xp(Te) ~ L7, (14)

where

ez,

The sum runs over the densities of all clusters. The percolation
transition separates the high-temperature phase, characterized
by local clusters only, from the percolating phase, where there
is at least one system-spanning cluster. In this work, only
finite-size systems with periodic boundary conditions in all
directions are considered, and the criterion for percolation
is satisfied if a cluster wraps around the boundaries in at
least one direction. The wrapping probability, thus, provides
information about the location of the percolation transition
[62]. The wrapping probability is a dimensionless quantity
that follows the scaling form [59]

R(t,L) = Wg(tL'"). (15)

If there is more than one wrapping cluster, the number of
wrapping clusters wg can also be studied as an observable.
The number of wrapping clusters obeys the same scaling law
as the wrapping probability.

B. Thermal quantities

To establish a connection between geometric and thermal
properties, it is necessary to investigate the behavior of the
thermal order parameters m and ¢. To leading order, m and ¢
satisfy the scaling laws [63]

LP'm =W,y or LPl'g=w,L'"), (16)

in the critical region of the respective phase transition. Specifi-
cally, this corresponds to a ferromagnetic transition in the case
of the magnetization and to a spin-glass transition in the case
of the overlap. At the critical point, the susceptibility diverges
as [63]

Xmjq(Te) ~ LV, (17)

where x,, = N[(?)s]; or x, = N[(§>)s,];, depending on the
transition. Furthermore, in the critical region, the correlation
length &,,/, behaves as [64]

%‘m /q (t s L)

L
The correlation length is here computed using the second-
moment estimator, which is based on the Fourier transform
S /q(k) of the two-point correlation function g/, (r), i.e., [63]

: 1 ’gm/q(g) - ’gm/q(k) ’ (19)
2 sin(kmin/2) 8m/q(k)

where k = (kmin, 0, 0), kmin = 27t /L, and 0 = (0, 0, 0). De-
pending on the context, the correlations of the magnetization,

&m(r) = [{sos0+r)sls, or of the overlap, g,(r) = [(qoqo+r)s,1s
are considered.

=W, (tL'"). (18)

Emjg =

C. Simulations and finite-size scaling analysis

The thermal and geometrical properties of the =/ random-
bond Ising model, as characterized by the above sets of corre-
sponding observables, are studied utilizing parallel-tempering
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Monte Carlo simulations. To achieve good equilibration, we
employ a combination of single-spin flip, parallel temper-
ing, and cluster-update moves. All data are averaged over a
large number of disorder realizations in order to bring down
statistical errors to an acceptable level. More information
regarding the simulation scheme, including details about the
system sizes considered and the number of disorder samples
employed, is provided in Appendix E.

The numerical strategy for extracting the critical temper-
ature and critical exponents is as follows. In the first step,
a data collapse of the wrapping probability or the number
of wrapping clusters is carried out in order to determine
T. and v of a percolation transition, according to Eq. (15).
To obtain 7; and v of a thermal phase transition, a similar
data collapse is performed using the correlation length and
Eq. (18). In the second step, a power law is fitted to the data of
the average cluster size or the susceptibility at the previously
estimated value of the critical temperature T, yielding y /v via
Eq. (14) or Eq. (17), respectively. Since a data point at 7. is
not necessarily available, a linear interpolation of the relevant
quantity is carried out to obtain the value. To extract the
critical exponent B /v, a data collapse of the order parameter is
performed according to the scaling law in Eq. (13) or Eq. (16),
fixing 1/v to the previously determined value. The optimal
parameters for the data collapses are extracted using the tool
provided in Ref. [65]. Our analysis focuses on the behavior of
the £J random-bond Ising model for three distinct fractions
of antiferromagnetic bonds, ¢ = 0, ¢ = 0.125, and ¢ = 0.5.
We first focus on the reference case ¢ = 0.

IV. CLUSTERS IN THE PURE FERROMAGNET

When ¢ = 0, there are no antiferromagnetic bonds present,
and the Hamiltonian in Eq. (3) reduces to that of a pure,
unfrustrated Ising ferromagnet. This model undergoes a phase
transition from the paramagnetic to the ferromagnetic phase
at [46] Ty = 4.51152326(11). As illustrated in Fig. 2, this
phase transition is visible in both the Ising and Houdayer
clusters [66]. The figure shows the behavior of the largest
and second-largest cluster as a function of temperature. At
high temperatures, there are two giant percolating clusters
with equal densities. The reason is that for T — oo, spin
orientations are random, so on average half of the spins are
up and the other half down, causing both Houdayer and
Ising clusters to behave similarly to a random-site percolation
problem. The site-percolation threshold on a cubic lattice is
[50] p{¥ = 0.3116077(2) < 1/2. As a result, there are two
percolating clusters, one with positive and the other with
negative values of the magnetization or overlap, respectively.
This argument remains valid for any value of ¢ when T — oo.
At the ferromagnetic phase transition, one cluster begins to
dominate the other, and the densities start to deviate from
p172 7~ 0.5. Figure 2(b) shows how the number of wrapping
Ising clusters decreases from two to one at the temperature
[67] Ticp = 4.3027(3). Notably, this temperature is lower than
the critical temperature of the ferromagnetic phase transition
[66]. Hence, Ising clusters clearly do not encapsulate the
critical behavior of the thermal phase transition. Somewhat
differently, in two dimensions, the second largest cluster does
percolate right at T, but the corresponding critical exponents

1.0
largest: pq
0.8 1
213128
0.6 1 64
a9 >
N s 132 F
»
0.4 1 ,»—“"*
1 ‘:".'*“"j. .
4.26 Tj 4.34
0.2 et =
2nd largest: po
0.0 PRREET T Y 1 E

FIG. 2. Densities of the two largest Ising clusters as a function of
temperature for the pure ferromagnet using three exemplary system
sizes, L = 8, L = 32, and L = 128. Inset (a) shows the correspond-
ing relationship for the Houdayer clusters. 7; denotes the critical
temperature of the ferromagnetic phase transition. Inset (b) illustrates
how the number of wrapping Ising clusters decreases from two to one
at Ty (see main text for details). The system sizes plotted are L = 32,
64, and 128.

nevertheless differ from those of the thermal phase transition
[68]. Finally, at zero temperature, the magnetization and the
overlap reach unity, implying that there is a single Ising or
Houdayer cluster containing all spin sites.

Hence, although both Ising and Houdayer clusters reflect
the ordering behavior of the model, their percolation prop-
erties do not map onto the ferromagnetic phase transition
[66,69,70]. Clusters that do exhibit this property, at least for
¢ = 0, are the FKCK clusters. For them, the spin—spin corre-
lation function is equivalent to the connectivity function of the
corresponding percolation problem, cf. Eq. (1) [3,5]. In other
words, the correlation between spins s, and s, is identical to
the probability that the lattice sites x and y belong to the same
FKCK cluster. In general, the behavior of the FKCK clusters
differs significantly from that of the previously discussed Ising
and Houdayer clusters. At high temperatures, percolation does
not occur because the occupation probability depends on tem-
perature and vanishes for T — oo. Due to Eq. (1), the critical
behavior of the FKCK percolation transition is identical to
that of the ferromagnetic phase transition. Below the transition
temperature, there is a unique largest cluster whose density
equals the magnetization in the thermodynamic limit [3].

Interestingly, we observe that for the case of ¢ = 0 the
two-replica CMRIJ clusters exhibit the same percolation be-
havior as the FKCK clusters. Figure 3 illustrates the finite-size
scaling behavior of the wrapping probability of CMRIJ clus-
ters. From the data collapse, the critical temperature Tepry =
4.511527(16) and the critical exponent v = 0.6300(17) are
obtained.
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FIG. 3. Data collapse of the wrapping probability of CMRIJ clus-
ters, obtained according to Eq. (15), in the critical region of the
CMRI percolation transition for the pure Ising ferromagnet (¢ = 0),
with 1 = (T — Temry)/Temrs- From this collapse, the critical param-
eters are estimated as Toyry = 4.511527(16) and v = 0.6300(17).
The inset shows the unscaled data in the vicinity of the critical point.

To determine the exponent y /v, power-law fits are per-
formed using Eq. (14) for the average cluster size at the
temperature [46] T = 4.511 523 256. For small system sizes,
we notice the presence of scaling corrections for this quan-
tity, and it is necessary to take these into account in the
fits. In the present context, we achieve this by performing
a power-extrapolation of effective critical exponents (local
slopes) found from fits on a restricted range of system sizes.
The detailed procedure is described in Appendix B, where we
also include a plot showing the scaling of the average cluster
size at the critical temperature. The resulting estimate for the
average cluster-size (susceptibility) exponent for the CMRJ
clusters is y /v = 1.9638(18).

To directly test whether the correlations of the ferromag-
netic phase transition and the CMRIJ percolation transition
behave identically in the vicinity of the phase transition, the
critical behavior of the correlation length is compared with
that of the cluster connectivity length. The connectivity length
can be computed as [59]

£, = \/ZNRZH T p; )d];l

Xp

(20)

Here, 7; denotes the radius of the ith largest cluster. The radius
of a cluster containing n lattice sites is given by [59]

2L

The summation is performed over the Euclidean distances
between the positions of the lattice sites in the cluster r;
and the center of mass of the cluster ry. For nonwrapping
clusters, the center of mass can be defined with respect to any
lattice position. For wrapping clusters, an algorithm proposed
in Ref. [71] is used to determine the center of mass. Analogous
to the correlation length, the connectivity length follows the

0.70
R0 g gy i =32
0.659 CMRJ ¢ L =46
b=0 dL=064
- 0
~ 151% a!
up =]
0.55 13
wr =]
0504 057 LR
25 00 25 q
045 T T T
-2 0 2

tLl/I/

FIG. 4. Data collapse of the connectivity length according to
Eq. (22) with t = (T — Temry)/Tomrs for the parameters Tomgry =
4.511527 and v = 0.6300. The inset shows the corresponding data
collapse for the correlation length of the order parameter, defined
in Eq. (19), using the same parameters, i.e., T = 4.511527, v =
0.6300, and t = (T — T)/T;.

scaling form [59]

Ep(tv L)
L

Figure 4 shows the data collapses of the connectivity length
of the CMRIJ clusters and the correlation length of the order
parameter, using Eqgs. (18) and (22), respectively. The collapse
parameters were previously obtained from the wrapping prob-
ability of the CMRI clusters, see Fig. 3. Figure 4 therefore
directly demonstrates that the connectivity length and the
correlation length exhibit identical critical behavior.

As mentioned above, the density of the largest FKCK
cluster equals the magnetization in the thermodynamic limit
[3,72]. In other words,

= f;, (tL'"). (22)

for L — oo. This property also holds for the CMRIJ clusters,
as illustrated in Fig. 5. The inset of this figure shows four
different quantities that exhibit the same behavior as func-
tions of temperature and can serve as order parameters of
the ferromagnetic phase transition. Notably, the density of
the second-largest CMRIJ cluster vanishes for L — oo, so that
p1 — p2 = p;. Figure 5 also shows that, up to corrections,

=

in the ordered phase. This identity follows from taking a
pure-state average of a spin sy for the case of translational
invariant systems (recall that we are using periodic boundary
conditions). In the high-temperature limit 7 — oo, in con-
trast, one sees that m = g = 1/+/N. From the data collapses
of the largest CMRJ cluster shown in the main plot of Fig. 5,
the critical exponent 8/v = 0.516(4) is estimated. Note that
in this case only the critical temperature and the exponent
B/v are optimized, while the exponent 1/v is fixed to the
previously determined value. This choice is made because the

024139-6



CLUSTER PERCOLATION IN THE THREE-DIMENSIONAL ...

PHYSICAL REVIEW E 113, 024139 (2026)

2.0 T

CMRJ 0.8
B o5—0
@%(Z’_
1.5 W 04770
N t‘@
m%‘ @Ee!?bo'o_
S101 %k L=3 Tg
)
d L =46 e,
0 L =64 W,
051 & L=90 L
L =128 LT
—2 0 2 4
tL]./l/

FIG. 5. Data collapse of the density of the largest CMRIJ cluster
according to Eq. (13) for the pure Ising ferromagnet with t = (T —
Temry)/Temry- From this collapse, the values Tomry = 4.511534(26)
and B/v = 0.516(4) are obtained. The parameter 1/v, with v =
0.6300, is held constant during the optimization. The inset illustrates
four different quantities, all of which can serve as order parameters
of the ferromagnetic phase transition.

optimization method is more stable if only two parameters are
varied [65].

In summary, the estimates collected in Table I indicate
that the CMRIJ percolation transition belongs to the three-
dimensional Ising universality class. This suggests that in the
case of a pure Ising ferromagnet, the CMRJ clusters exhibit
the same percolation properties as the FKCK clusters. The
reason for this is that the correlation function of the two-
replica ferromagnet with Hamiltonian

H? = — Z %5, (24)
(x.y)

is proportional to that of a single ferromagnet at the same
temperature [73,74]. Furthermore, the CMRJ clusters can be
intuitively interpreted as a two-replica generalization of the
FKCK clusters, adapted to the Hamiltonian HI(Z), see Eqgs. (10)
and (12). As a result, the CMRIJ percolation transition maps

TABLE I. Critical quantities of the pure Ising ferromagnet ob-
tained from the correlation length and the susceptibility of the
magnetization, as well as the average cluster size and the wrapping
probability of the FKCK and CMRIJ clusters, respectively. To extract
y /v we have performed power-law fits at 7 = 4.511 523 256 to the
data of the susceptibility and the average cluster size according to
Eqgs. (17) and (14), respectively. The results are in agreement with the
more accurate values given in Ref. [46], i.e., T. = 4.51152326(11),
v =0.629912(86), and y /v = 1.963 90(45).

Magnetization FKCK CMRJ
T: 4.511 537(12) 4.511 522(19) 4.511 527(16)
v 0.6310(23) 0.630(4) 0.6300(17)
y/v 1.965(4) 1.9630(21) 1.9638(18)

FIG. 6. The main plot shows the number of wrapping CMRJ
clusters for ¢ = 0.125, rescaled according to the scaling law of
Eq. (15) witht = (T — Tewmry)/ Temrs- The critical quantities are esti-
mated as Tecrvy = 3.71523(24) and v = 0.875(9). Inset (a) illustrates
the unscaled data. Inset (b) shows the two largest FKCK clusters
for ¢ = 0.125 at system size L = 32. Notably, there is only one
wrapping FKCK cluster.

onto the ferromagnetic phase transition. A more detailed
derivation of this result can be found in Appendix A.

V. CLUSTERS IN THE FRUSTRATED
DISORDERED FERROMAGNET

The transition between the paramagnetic and ferromag-
netic phases for 0 < ¢ < ¢* falls within the universality
class of the disordered Ising ferromagnet, where [43] ¢* =
0.23180(4) denotes the location of the multicritical point
[41]. Due to frustration, the correspondence between the con-
nectivity of FKCK clusters and the spin—spin correlations
given in Eq. (1) is no longer valid [21]. As a consequence,
for such systems, the connectivity length &, is larger than the
correlation length &,,, [21].

We performed extensive simulations of the system with
¢ = 0.125. Following the finite-size scaling protocol out-
lined in Sec. III, we extract an estimate Ty = 3.2412(4)
for the ferromagnetic ordering transition. In contrast, the
FKCK percolation transition occurs at Trgck = 4.02079(10).
This transition exhibits the same characteristics as a random
percolation transition, with a single infinite cluster in the per-
colating phase, as shown in Fig. 6(b). The critical exponents of
the transition fall within the random percolation universality
class [16,19], cf. the data collected in Table II.

As shown in the phase diagram in Fig. 1, the CMRIJ
percolation transition occurs in the temperature range be-
tween the FKCK percolation point and the ferromagnetic
phase transition. Unlike the FKCK transition, the CMR]J tran-
sition involves the formation of two wrapping clusters, as
demonstrated by the data collapse in Fig. 6. The critical
temperature is Temry = 3.71523(24). The CMRJ percolation
transition also belongs to the random percolation universality
class. Table II summarizes the critical quantities of the three
transitions.
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TABLE II. Critical quantities of the frustrated disordered fer-
romagnet for ¢ = 0.125. The results were obtained by finite-size
scaling as described in Sec. III. The ferromagnetic phase transition
belongs to the disordered Ising universality class [75]. The FKCK
and the CMRIJ percolation transitions are part of the random per-
colation universality class. For comparison, note that, according to
Ref. [50], the values for random percolation are v = 0.8764(12),
y /v = 2.0459(4), and B/v = 0.47705(15).

Magnetization FKCK CMRJ
1. 3.2412(4) 4.02079(10) 3.71523(24)
v 0.687(9) 0.873(4) 0.875(6)
y/v 1.972(10) 2.0451(24) 2.046(8)
B/v 0.524(8) 0.475(3) 0.474(8)

The main plot in Fig. 7 illustrates the overlap properties
of the largest CMRJ and Houdayer clusters. More precisely,
it shows the cluster densities multiplied by the sign of their
overlap. The replicas are aligned so that the overlap of the
largest cluster is always positive. Let us first focus on Hou-
dayer clusters. In the high-temperature phase, two percolating
Houdayer clusters exist, and they exhibit equal density but
opposite overlap signs. Consequently, the average overlap is
zero. Below the ferromagnetic transition, one cluster domi-
nates the other, and the overlap becomes nonzero. Turning to
the CMRI clusters, their behavior is found to be quite analo-
gous to that of the Houdayer clusters, which is a consequence
of CMRJ clusters being geometric subregions of Houdayer
clusters. Following Eq. (12), a bond in the CMR]J construction
can only be occupied when the overlap at the adjacent lattice
sites is identical. Consequently, as 7 — 0, the two cluster

1.0 1
0.8 1
0.6 4
0473 g™ 3, F L=
e,
> 0. - qéCMRJ) QQ‘ L =16
‘ 2 1L =32
3 qéCMRJ) *\e\}
0.0 wmﬁﬁ#%%ﬁ
& F
—0.2 1 & fﬁ
¢ =0.125 T L=32
—0.4 1
2.5 T TcMmRI 4.5
T

FIG. 7. Relation between the overlap densities of the three
largest CMRJ clusters qECMR]), i=1,2, and 3, and the two largest
Houdayer clusters q(IH), q§H> for ¢ = 0.125 and L = 32. The inset
shows the number of wrapping CMRJ clusters for three different
system sizes. At Tomgy two wrapping clusters emerge, see also Fig. 6.

Below T;, the number of wrapping clusters reduces from two to one.

¢ =0.125

T

FIG. 8. The densities of the three largest CMRJ clusters as a
function of temperature for ¢ = 0.125 and L = 32. Inset (a) shows
the behavior of the density p; of the largest cluster for different
system sizes. Inset (b) illustrates how the peak of the second largest
cluster increases with system size and how it shifts toward the critical
temperature of the ferromagnetic phase transition, 7;.

types become essentially indistinguishable. The inset of Fig. 7
shows the general behavior of the number of wrapping CMRJ
clusters as a function of temperature. At high temperatures,
there is no percolation. At the CMRIJ percolation transition,
Temry, two percolating clusters emerge. Below the ferromag-
netic phase transition, 7;, the number of wrapping CMRJ
clusters decreases from two to one.

Figure 8 illustrates the densities of the three largest CMRJ
clusters in more detail. In the vicinity of the CMRIJ percola-
tion transition, Tomry, the third-largest cluster exhibits a peak,
which we denote as p$) . As shown in Fig. 9(a), this peak
diminishes with increasing system size. The decay can be
approximated by a power law of the form

PIL) = ap, L™ +c,,, (25)

where the fitted parameters are a, = 0.165(4), b,, =
0.426(12), and c,, = —0.0024(8). The smallest system size
used in the fit is Ly, = 54, and the quality of the fit is
Qsc = 0.50 [76]. This suggests that p3) approaches zero in
the thermodynamic limit, indicating that, below the CMRJ
percolation transition, only the two largest clusters have a
nonzero density.

Additionally, the peak in the third-largest cluster size shifts
in temperature with increasing system size. This shift is also
described by a power law,

TS (L) = ap,L™% + cy,. (26)

max

Here, cy, corresponds to the location of the peak in the ther-
modynamic limit. The fit, shown in Fig. 9(b), yields ar, =
14.8(1.9), by, = 2.20(5), and ¢z, = 3.71572(26) with Ly =
12 and Qs = 0.94. Notably, the value of cr, is consistent with
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FIG. 9. Behavior of the peak densities of the third and the second
largest CMRIJ clusters as a function of system size for ¢ = 0.125.
The red lines are power-law fits according to Egs. (25) and (26), re-
spectively. The dashed red lines are extrapolations of the fits. Panels
(a) and (b) show the behavior of the peak of the third largest cluster,
and panels (c) and (d) show the same relation for the second largest
cluster.

the critical temperature of the CMRJ percolation transition,
Temry = 3.71523(24).

The peak of the second-largest cluster follows a similar
power law as the third-largest cluster, although its density
increases with system size, see Fig. 8(b). Figures 9(c) and
9(d) show that the peak shifts toward lower temperatures.
Using the same fitting procedure as above, the parame-
ters are determined as a,, = —2.45(10), b,, = 1.309(14),
cp, = 0.35271(23) with Ly, =22 and Qg = 0.27, while
the temperature-shift parameters are ap, = 0.81(14), by, =
0.85(7), and ¢y, = 3.235(4) with Ly, = 22 and Qs = 0.80.
This suggests that, for L — oo, the peak density of the
second-largest cluster is approximately pr(fgx = 0.35271(23),
and that the peak location coincides with the temperature
of the ferromagnetic phase transition, since T2) = 3.235(4).
Note that the shift exponent b7, does not appear to be compat-
ible with 1/v & 1.145 of the thermal transition.

As shown in the inset of Fig. 5, in the ordered phase
of the pure ferromagnet, the square root of the overlap ap-
proximately equals the density difference of the two largest
CMRJ clusters, /g = p; — p» for L — 00, where p, = 0 in
this case. Although this relation no longer applies for ¢ > 0,
Fig. 10 shows that the density difference of the two largest
clusters still qualitatively reproduces the behavior of the mag-
netization as well as the square root of the overlap.

As a side note, the inset of Fig. 10 illustrates that, on the
Nishimori line, the equality m = ¢ is satisfied. This follows
from the fact that, on the Nishimori line, the correlations of
the magnetization and the overlap coincide [43,52].

VI. CLUSTERS IN THE SPIN-GLASS MODEL

For ¢ = 0.5, the low-temperature ordered state of the 4=/
random-bond Ising model is of spin-glass type. At all tem-
peratures, the system consists of two large Ising clusters with
opposite spin orientations, resulting in zero overall magneti-
zation. Furthermore, at high temperatures, there are two large

TcMRy

FIG. 10. Relation between the overlap, the magnetization, and
the density of the two largest CMRIJ clusters for ¢ = 0.125 and L =
32 in the vicinity of the ferromagnetic phase transition. The density
difference of the two largest clusters shows a similar behavior as the
square root of the overlap, although the quantities are not identical.
The inset illustrates that, precisely on the Nishimori line 7y (0.125) =
1.02779 . .. the equality ¢ = m is satisfied [52].

Houdayer clusters with opposite signs of the overlap. As the
system undergoes a spin-glass transition, a density differ-
ence emerges between these clusters, leading to a nonzero
total overlap, as shown in Fig. 11. This transition belongs to
the three-dimensional Ising spin-glass universality class [42],
with a critical temperature of [48] Ty, = 1.1019(29).

A key distinction between this spin-glass transition and
the previously discussed ferromagnetic transitions is that the
surface of the Houdayer clusters does not exhibit critical be-
havior. The surface of the Houdayer clusters is connected to
the link overlap through the relation

01 =3N -20,, 27)
where 3N is the total number of bonds in the system, and
Qs is the number of bonds on the surface between regions
with positive and negative overlap [77]. The link overlap is

A A A-A

> g;gzgsa
CMRJ H /
ol F g ¢” P
e
—0.41 Ea™ o
Ty 1.5 2.5 TeMmRra

FIG. 11. Overlap densities of the largest Houdayer and CMRJ
clusters for ¢ = 0.5 and system size L = 32. At low temperatures,
CMRJ clusters are almost indistinguishable from Houdayer clusters.
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TABLE III. Critical quantities of the three-dimensional Ising
spin glass at ¢ = 0.5. The values of the spin-glass transition are
taken from Ref. [48]. This transition belongs to the Ising spin-glass
universality class [42]. The values of the FKCK and CMR]J percola-
tion transitions were obtained by finite-size scaling as described in
Sec. III. Both percolation transitions belong to the random percola-
tion universality class.

Overlap (Ref. [48]) FKCK CMRIJ

T. 1.1019(29) 3.93410(7) 3.50997(25)
v 2.562(42) 0.873(4) 0.878(7)
y/v 2.39(9) 2.045(3) 2.046(5)
B/v 0.305(9) 0.474(4) 0.470(6)
defined as

0= 3 55D, (28)

(x.y)

In the pure ferromagnet with ¢ =0, the link overlap and
the energy are related by ¢q; = elz, where g = (Q1)s,/(BN)
and e; = (ﬁl)s/(SN). Here, H; = — Z(x,w s¢Sy denotes the
Hamiltonian of a pure Ising ferromagnet. A similar relation-
ship between the link overlap and the energy also holds for
spin glasses with Gaussian couplings, see Refs. [20,78,79].
Consequently, at a ferromagnetic phase transition, the Hou-
dayer cluster surfaces exhibit strong fluctuations, as both the
energy and the link overlap are critical quantities. In contrast,
at the spin-glass transition, the link overlap and the energy
remain nonsingular. Note that the exponent ¢, which describes
the singular part of the specific heat, is negative at the spin-
glass transition [48], @ < O.

For ¢ = 0.5, the FKCK percolation transition occurs at
Trxck = 3.93410(7) and exhibits the same properties as a
random percolation transition with a single infinite cluster.
In contrast, the CMRIJ clusters percolate at a lower temper-
ature Temry = 3.50997(25). Both transitions belong to the
random-percolation universality class. The critical quantities
for these transitions are listed in Table III. The results were
obtained by finite-size scaling, as described in Sec. III. In
addition, Table III also includes critical exponents of the Ising
spin-glass transition taken from Ref. [48].

Figure 11 illustrates that, at the CMRJ percolation tran-
sition, Temry, two system-spanning clusters of equal density
emerge, which are subregions of the two Houdayer clusters.
At the spin-glass transition, these two clusters develop a
density difference. In Fig. 12, we show the behavior of the
three largest CMRIJ clusters in more detail. The third-largest
cluster exhibits a peak close to the CMRIJ percolation tran-
sition. To analyze this peak as a function of system size,
the fitting approach from Sec. V is applied, using Eqgs. (25)
and (26). Figures 13(a) and 13(b) show the peak behavior
of the density of the third-largest CMRIJ cluster. The peak
shifts toward the critical temperature of the CMRIJ percolation
transition, with parameters ar, = 7.8(1.1), by, = 2.04(5), and
cr, = 3.51022(19) for Luyin = 16, with Qg = 0.60. Further-
more, the peak density p3) decreases to zero as L — oo,
suggesting that there are only two macroscopic clusters be-
low the CMRI percolation transition. In this case, the fitting

FIG. 12. The density of the three largest CMRIJ clusters close to
the CMRJ percolation transition for ¢ = 0.5 and system system size
L = 32. Insets (a) and (b) display the densities of the largest and
second-largest clusters, respectively, for three different system sizes.

parameters are a,, = 0.1750(18), b,, = 0.451(6), and c¢,, =
—0.0012(4) with Ly, = 38 and Qg = 0.44.

Inset (b) of Fig. 12 depicts how the second-largest CMRJ
cluster increases as a function of system size and shifts toward
lower temperatures. To study its properties, we again use
the fitting procedure according to Egs. (25) and (26). The
results are shown in Figs. 13(c) and 13(d), illustrating how
the peak of the second-largest CMRIJ cluster shifts toward
the spin-glass transition temperature, with fitting parame-
ters ar, = 1.783(12), by, = 0.299(29), and ¢y, = 1.13(7) for
Liin = 12 and Qg = 0.47. The value of the shift exponent
by, might be compared with the intrinsic shift exponent of
the spin-glass transition, 1/v & 0.39. At its peak density, the

0.075 T1 =
i @)1 0.45 ;x*"xw
£0.050 (c)
: % /
< . 3rd 10404 |
0.025{  Se—__ £ 2nd
3.65 T ——2.25 T :
. (b) (d)
3553-60' ! 2.00 A
% _§ 3rd 2nd
3591 & 1.75 -
3.50 : e : Rk
0 50 100 0 25 50
L L

FIG. 13. Behavior of the peak densities of the third and the sec-
ond largest CMRIJ clusters as a function of system size for ¢ = 0.5.
The solid red lines are power-law fits according to Egs. (25) and
(26), respectively. The dashed red lines are extrapolations of the fits.
Panels (a) and (b) show the behavior of the peak of the third-largest
cluster, and panels (c) and (d) show the same relation for the second-
largest cluster.
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FIG. 14. Relation between the overlap and the density difference
of the two largest CMRJ clusters for ¢ = 0.5 and system size L = 12.
The inset shows the number of wrapping CMRIJ clusters for three
different system sizes.

second-largest cluster asymptotically contains nearly half of
the spin sites, since ¢,, = 0.48582(9), with a,, = —0.709(8)
and b,, = 1.092(5) for Ly, = 16 and Qg = 0.80.

Figure 14 demonstrates that there is a direct relation be-
tween the density difference of the two largest clusters and
the overlap. The increase of this quantity below the spin-glass
transition signals the onset of spin-glass order and indicates
the symmetry-broken phase [29,30]. The inset of Fig. 14
shows the number of wrapping CMRI clusters for three sys-
tem sizes. At the CMRIJ percolation transition, Temgy, two
wrapping clusters emerge. Below the spin-glass transition, 7,
the number of wrapping clusters falls below two.

Notably, the stiffness of the vector spins 3, increases with
the temperature decreasing from Ty to Tg,. To demonstrate
this, consider the Hamiltonian I-/I\J(z) of Eq. (7), which main-
tains both a global spin-reversal symmetry s, — —s, V x and
a vector-spin reversal symmetry 5, — —3, V x. Interestingly,
the latter symmetry breaks at 7, = 2.045(23) when consider-
ing dynamics that preserve the site-wise overlap between two
replicas, s\"s?) = g, = const V x. This symmetry breaking
suggests that the two-replica Hamiltonian I/-ij(z) exhibits a form
of glassiness even before entering the conventional spin-glass
phase. Appendix C provides a more detailed discussion of this
conserved-overlap transition.

VII. DISCUSSION

In the present work, we provided an extensive analysis
of the relationship between cluster percolation and thermal
ordering in the three-dimensional £J random-bond Ising
model. To develop a comprehensive understanding, both
single-replica clusters, such as Ising and FKCK variants,
and two-replica clusters, such as the Houdayer and CMRJ
definitions, were studied. The latter two cluster types are
particularly useful because they are sensitive to the behavior
of the overlap, which is the order parameter of the spin-glass
transition. The findings indicate that for all studied fractions
of antiferromagnetic bonds 0 < ¢ < 0.5, there are two gi-
ant percolating Houdayer clusters of equal density at high

temperatures. These two clusters develop a density difference
at the phase transition such that the average overlap becomes
nonzero. At ferromagnetic phase transitions, the surface of
Houdayer clusters becomes critical, implying large fluctua-
tions in this quantity. In contrast, at the spin-glass transition,
there is no singular behavior in the surface of Houdayer
clusters.

In the case of CMRIJ clusters, the occupation probability
decreases with increasing temperatures. As a consequence,
only small clusters exist at high temperatures, while at low
temperatures, such clusters are almost identical to Houdayer
clusters. In the pure ferromagnet, when ¢ = 0, the CMRJ
percolation transition maps onto the ferromagnetic phase tran-
sition and shares the same critical behavior. For ¢ > 0, the
CMRI percolation transition takes place at a higher tempera-
ture than either the ferromagnetic or the spin-glass transition
and belongs to the random percolation universality class.
Geometrically, CMRIJ clusters are subregions of Houdayer
clusters. In agreement with this, below the percolation tran-
sition, there are two large CMRIJ clusters of equal density
that span the whole system, such that the number of wrapping
clusters is two. At the ordering transition, the second-largest
cluster reaches its peak size before shrinking, causing the
number of wrapping clusters to drop below two. With in-
creasing system size, the locations of these peaks of the
second-largest clusters shift to lower temperatures and con-
verge to the (ferromagnetic or spin-glass) ordering transitions,
while the peak positions of the third-largest clusters asymptot-
ically approach the corresponding percolation transitions as
their density approaches zero.

The density difference between the two largest clusters
qualitatively captures the behavior of the overlap. For the Ising
ferromagnet, the magnetization, the density difference of the
two largest clusters, and the square root of the overlap all
coincide in the ordered phase, and hence encapsulate the same
scaling behavior. For the disordered ferromagnet, the general
correspondence of these quantities is retained, but it is no
longer quantitatively accurate. In contrast, for the spin glass,
the magnetization is no longer meaningful, and the density
difference of the first and second clusters now describes to
the overlap itself (instead of its square root), and hence to
the order parameter of this transition. This connection allows
the spin-glass transition to be identified as an imbalance be-
tween the two largest CMRIJ clusters. However, there is no
direct equivalence between the overlap correlation function
and the connectivity function of the CMRIJ clusters [29,30].
The main difficulty in identifying clusters that exhibit this
property arises from the presence of frustration [21].

Beyond their physical significance, clusters are also used
to construct powerful nonlocal Monte Carlo updates [10].
Cluster-based algorithms using Houdayer or CMRIJ clusters
have proven effective in two-dimensional spin glasses [27,31],
significantly accelerating equilibration in Monte Carlo sim-
ulations at low temperatures. In three dimensions, however,
the same algorithms provide only a modest speedup. This is
because the clusters percolate at temperatures higher than the
spin-glass transition, implying that the constructed structures
are already relatively stiff near the transition. This stiffness of
the system is further demonstrated by the conserved-overlap
transition, which is described in more detail in Appendix C.
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Therefore, to develop better algorithms, it may be useful to
identify other types of clusters or nonlocal structures [§0-82],
for instance, by employing machine learning [83,84] or other
simulation techniques [85,86]. Additionally, it may be useful
to consider clusters that incorporate more than two repli-
cas [20,23]. Some consequences of this idea are explored in
Appendix D.
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APPENDIX A: CORRELATIONS AND CONNECTIVITY
IN CMRJ CLUSTERS

We intend to show that for the case of the pure Ising ferro-
magnet CMRI clusters exhibit a relation between connectivity
and correlations that is identical to that observed for FKCK
clusters. To this end, note that

- 1) (1 2) .2 e
(5xSy)s, = Z (st )s; ) 4 st )s; ) Ps, (S, SP))
s g®

=2 sy Ps(S) = 2sesy)s. (Al)
N

where

1
PS(S)=ZeXp stsy/T ,
(x.y)

and

1 -
Po,(8V.8%) = —exp | 3 55/T
(x.y)

Thus, according to Eq. (Al), the ferromagnetic phase tran-
sition described by the single-replica spins s, maps onto the
ferromagnetic phase transition of the vector spins 3.

Now consider two lattice sites x and y. If the corresponding
spins belong to the same CMRI cluster, then 3,3, = 2. If they
belong to different CMRJ clusters, 5,5, takes on a value in
{—2, 0, 2}, where, due to spin-flip symmetry, the cases +2 oc-
cur with equal probabilities. From the perspective of a Monte
Carlo Markov chain based on CMRIJ clusters, it is clear that
each CMRJ cluster can be flipped at random without violating
detailed balance [20]. Flipping a CMRI cluster corresponds
to reversing the sign of all vector spins in the cluster, 5, —
—Sx V x within the cluster. Thus, on average, the product 5,35,
equals 2 if both spins belong to the same cluster and O if they

belong to different clusters. From this observation, it follows
that

(8x3y)s, = 2 Prob(x and y are connected) (A2)

after averaging over all spin configurations and all config-
urations of occupied bonds [5]. Combining this result with
Eq. (A1) shows that the connectivity function of CMRIJ clus-
ters is identical to the spin—spin correlation function of a
single ferromagnet.

APPENDIX B: EXTRAPOLATION ANSATZ
FOR SCALING CORRECTIONS

Consider the power-law scaling of an observable O at the
critical point, which follows the general form [46,87]

O(L) = coL™ + ;L + c,L” + - -
=L%co+ L + L% + -0, (B1)

where we assume that §; > 0;,1 withi =0, 1, 2,3, ..., and
9j = 6; — 6y, such that 0 > éj > 9j+1 with j=1,2,3,....
The terms proportional to L% with i > 1 are scaling correc-
tions that become weaker in comparison to the leading order
behavior for large system sizes because L’ /L% = L% — 0 for
L — oo. By taking the logarithm of Eq. (B1), we get

In(0) = 6y In(L) + In(co + | L% + c2L% +---).
By substitution of y, = In(0) and x = In(L) one obtains
Vo = 6px + In (h(x)) where

h(x) =co+ cleé‘x + cze‘z)”r + e (B2)
Taking the derivative with respect to x gives
dy, ' (x)
0 === — . B3
ef (%) & o + 7o) (B3)

Because lim,_, % = 6, it follows that '(x)/h(x) — 0. If
one only considers first-order scaling corrections hj(x) =
co + c1e”*, the correction term becomes

Ri(x) 6

= . . (B4)
h(x)  SLehir+1
Rewriting this as a function of L leads to
Z
+, (BS)
Q=41

and thus 6 ~ 6y + cL? [87]. To numerically obtain the ef-
fective exponents, it is possible to fit a simple power law
f(L) = aL? to local regions of the data, where a and b = B¢
are fitting parameters. We denote such a local region that ex-
tends from Ly, to Linax and includes a fixed number of system
sizes, W = |(Lmin, - - - » Lmax)|, as a fit window. The system
sizes Ly which are included in the fit windows originate from a
logarithmic sequence x; 4 = 2'/%x; where k = 1,2,3,4,....
To be more precise, L; are the rounded values of x; to the
nearest even integer.

Figure 15 illustrates the procedure for the average cluster
size of the CMRIJ clusters at the critical temperature of the
ferromagnetic phase transition. The plot demonstrates how
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FIG. 15. The main plot shows the dependency of the exponent
y /v on the fit window for the average cluster size of the CMRIJ
clusters in the pure Ising ferromagnet (¢ = 0). The red line is a fit of
type f(Lmin) = as + bo/(co Lr;ihnﬁ + 1) in accordance with Eq. (BS),
where Ly, is the smallest system size of each fit window and ay =
y /v as well as by < 0 and ¢, are fitting parameters. The result is
y /v = 1.9638(18) where the error bar is computed by bootstrapping
as it is described in Ref. [76]. The inset shows the scaling of the
average cluster size at T = 4.511 523 256.

the critical exponent y /v is approached by a power law as
a function of L,;,. The system sizes range from L = 8 to
L = 256 and originate from a logarithmic sequence of sizes
with z = 4. The size of the fit window is W = 8. A similar
power-law extrapolation was also performed in Ref. [88].

The extrapolation method is applied only for the pure fer-
romagnet with ¢ = 0. The corresponding three values of y /v,
describing the singular behavior of the magnetic susceptibility
and the average cluster size of the FKCK and CMRIJ clusters,
are listed in Table I. For ¢ > 0, the error due to corrections
to scaling has been visually estimated from the convergence
behavior of y /v as a function of Ly, i.e., without applying a
power-law extrapolation.

APPENDIX C: THE CONSERVED OVERLAP TRANSITION

Here we show that the two-replica Hamiltonian I:I\J(z), as
defined in Eq. (7), undergoes a phase transition at a higher
temperature than the spin-glass transition under a specific dy-
namical evolution. To explore this, assume that two replicas,
SM and $@, are in equilibrium with respect to the Gibbs—
Boltzmann distribution for a given realization of disorder J.
At some point in the Monte Carlo process, say at Monte Carlo
time step fg, the relative orientation of the spin components
is frozen, which means that st )s®Xti) = g (ti) = const
from that time onward. This freezing procedure generates the
subsidiary Hamiltonian

P .
HD = =" I, (Cl)
(x.y)

where
_ L ER()  E1 (sMw)
Uy = = = s
V2 V2 \ste)
and JS" = 2Jy. The product by = [s{er)si k) +

sf)(tfr)sf)(tfr)] /2 can take values £1 or 0. After freezing, the
system evolves only within the subspace of states where the

g =)

1.841.50 Do, o

L1125
. 1.00
SEWE

1.2

#e® I
1.0 . : :
1 0 1 2

FIG. 16. Data collapse of the U, parameter defined in Eq. (C3).
The inset shows the original data. The crossing of curves around
Tw = 2.045(23) is clearly visible. The fraction of antiferromagnetic
bonds is ¢ = 0.5.

site-wise overlap remains constant. To achieve this, single-
spin flip dynamics for the vector spins, i.e., Uy — £y, i
implemented alongside CMRIJ cluster updates [27], which
also preserve the overlap [20].

The order parameter of the conserved-overlap transition is
defined as gg := [{|gs|)v]; with

1
o = 55 2)
i = — E U, 0.7
N =

Here 7" and 9 belong to two replicas of the system, i.e.,
50 e VD) and 5 € V. These replicas are generated by
making two identical copies of the vector spins at #; and then
evolving the copies independently in time. This de-correlation
of the two replicas requires most of the simulation time. Fur-
thermore, for the order parameter to function correctly, the
replicas must be properly aligned. At high temperatures, two
giant Houdayer clusters of equal density contain most of the
spin sites. Thus, if the replicas V" and V® are misaligned,
gt can vanish even below the conserved-overlap transition, as
long as the Houdayer clusters have equal density. To avoid
this, the observable is computed once, yielding the value
fjf(r”). Next, the largest Houdayer cluster in replica V® is

(C2)

flipped and the observable is recomputed as E[f(rb). The final
estimate is then given by g = max(|§f(r“)|, |?jf(rb)|). Flipping
a Houdayer cluster means that all vector spins inside the
cluster are reversed in sign, Uy — —,. This is a zero-energy
transformation because 9,7, = 0 at the cluster surface, where
x is a lattice site inside the cluster and y is a lattice site outside
the cluster.

We investigate the conserved-overlap transition with the
fraction of antiferromagnetic bonds set to ¢ = 0.5. To analyze
the critical behavior of the transition, the order parameter and
its higher moments are studied. Figure 16 shows the dimen-
sionless quantity [89,90]

[@\f‘bv]J
2

Uy = =0
(@],

(C3)
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FIG. 17. Data collapse of the conserved-overlap order parameter.
The inset shows the original data. The fraction of antiferromagnetic
bonds is ¢ = 0.5.

as a function of temperature. The crossing point of the data
curves for different system sizes indicates the location of
the phase transition. By performing a data collapse accord-
ing to Eq. (18), the critical temperature is obtained as Ty =
2.045(23) and the exponent as v = 1.00(8). The relatively
high transition temperature can be attributed to the fact that the
couplings of the Hamiltonian in Eq. (C1) are twice as strong
as the original couplings. Figure 17 shows a data collapse
of the order parameter using Eq. (16), yielding the exponent
B/v = 0.28(6). Additionally, the exponent y /v = 2.33(10) is
determined by performing a fit according to Eq. (17) with
system sizes ranging from Ly, = 8 to L = 16. The critical
exponents are similar to those found for the phase transition
between the ferromagnetic and spin-glass phases in the three-
dimensional £J random-bond Ising model [44].

In general, it is difficult to obtain precise results for
this transition, as long simulation times are required to de-
correlate the replicas V" and V% after freezing at time step
ti. Each Monte Carlo time step after freezing consists of one
CMRI cluster update and one sweep of single vector-spin
flips. The system sizes used range from L = 8 to L = 16. For
L =8, up to 181261 disorder samples were generated with a
de-correlation time of 74 = 120000, whereas for L = 16, up
to 30 875 samples were generated with 74 = 1 600 000.

APPENDIX D: MULTIPLE REPLICA
FKCK PERCOLATION

In Sec. II, we introduced Houdayer and CMRJ clusters,
which are based on two replicas. Independently, Newman
and Stein proposed a method for defining clusters using two
replicas [29,57], which can be directly extended to more than
two replicas [20]. The bond-occupation probability for these
clusters with K replicas is defined as

1 —e K if 1,55, = K
p’(‘ly() - {(() : elsgy o (DD)

TABLE IV. Critical quantities of some multiple replica FKCK
percolation transitions for three different fractions of antiferromag-
netic bonds. K denotes to the number of replicas. The results were
obtained by finite-size scaling as described in Sec. III.

¢=0
K T. v y/v
1 4.511522(19) 0.630(4) 1.9630(21)
2 2.80981(4) 0.876(7) 2.0454(25)
3 2.006571(29) 0.873(5) 2.048(4)
4 1.63019(4) 0.877(5) 2.043(4)
¢ =0.125

K T. v y/v
1 4.02079(10) 0.873(4) 2.0451(24)
2 2.39619(18) 0.874(8) 2.043(4)

¢ =05
K T. v y/v
1 3.93410(7) 0.873(4) 2.045(3)

1.7315(7) 0.882(9) 2.040(10)

= K
where 5,3, = > ,_,

_; 5850, As a consequence, bonds can only
be occupied if they are satisfied in all K replicas simul-
taneously, i.e., nys)(ck)sﬁk) =1foral k=1,2,...,K. When
K = 1, the definition reduces to that of the standard FKCK
clusters given in Eq. (10).

Multiple-replica FKCK clusters were originally introduced
as a mathematical tool to prove broken symmetry in spin
glasses [29,57]. The appearance of a unique infinite multiple-
replica FKCK cluster with K > 1 implies the existence of
broken symmetry in spin glasses [29,30,57]. However, their
physical interpretation remains unclear.

The percolation transitions of these clusters were analyzed
for different values of K and ¢ € {0, 0.125, 0.5}. Except for
the FKCK clusters in the pure Ising ferromagnet, all consid-
ered transitions belong to the random-percolation universality
class, as summarized in Table IV. For ¢ = 0 and K > 1, the
percolation temperature 7. can be roughly estimated from the
bond-percolation threshold of the cubic lattice [50], pn =
0.248 811 82(10), through the relation pg, & (1 — e~ 2/T)K,

For ¢ = 0.125 and K = 2, the clusters percolate at a tem-
perature below the ferromagnetic transition, while for ¢ =
0.5 they percolate above the spin-glass temperature. For the
considered numbers of replicas, there appears to be no di-
rect connection between the percolation of multiple-replica
FKCK clusters and ordering transitions. It would be interest-
ing, however, to investigate whether a choice of K > 2 for
the disordered cases leads to situations where the percola-
tion transition (nearly or exactly) coincides with the ordering
transition.

APPENDIX E: SIMULATION DETAILS

In our simulations, three types of Monte Carlo updates are
employed: single-spin flip updates, Swendsen—Wang cluster
updates, and CMRJ cluster updates. The first two are de-
scribed, for example, in Ref. [91]. The CMRIJ cluster updates
work as follows. First, the clusters are constructed accord-
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ing to the probabilistic rule given in Eq. (12). Then, each
cluster is flipped with probability 0.5. While CMRIJ cluster
updates satisfy detailed balance with respect to the two-
replica Gibbs—Boltzmann distribution, they are not ergodic
due to the conservation of overlap. Therefore, they need to
be augmented by ergodic updates such as single-spin flips or
Swendsen—Wang cluster updates. In addition to these single-
replica moves, parallel tempering is implemented with a chain
of system copies simulated at different temperatures [91].
For the latter, we used between 20 and 40 temperatures, in
general spaced uniformly in inverse temperature. To ensure
sufficient acceptance rates for the swap moves of at least 10%,
additional temperature points were inserted when required.
Depending on the fraction of antiferromagnetic bonds, dif-
ferent combinations of Monte Carlo updates are used. For
¢ = 0, the Swendsen—Wang algorithm is employed exclu-
sively, such that each Monte Carlo time step consists of a
single Swendsen—Wang cluster update. As a criterion for equi-
libration, the Monte Carlo process is initialized from both a
ground-state configuration and a high-temperature configu-
ration, and the simulation is continued until both processes
oscillate around the same average value. Measurements are
started after equilibration. To ensure that the measurements
are approximately uncorrelated, one sample is extracted only

after at least twice the integrated autocorrelation time [63].
The system size typically ranges from L = 16 to L = 128. For
L = 16, for example, 500 000 samples were generated, while
for L = 128 about 26 000 samples were obtained to analyze
the ferromagnetic phase transition. Note that precisely at the
critical temperature a larger range of system sizes, from L = 8
up to L = 256, was simulated with longer run times.

For ¢ > 0, Swendsen—Wang cluster updates combined
with parallel tempering were used to study the FKCK perco-
lation transition, which occurs at relatively high temperatures.
At lower temperatures, one Monte Carlo time step consists
of a sweep of single-spin flips, a CMRJ cluster update, and
a parallel tempering move. The relaxation time is estimated
from the time evolution of the link overlap, starting from
random initial spin configurations. The system is considered
to be in equilibrium when the link overlap reaches a sta-
tionary value in time, averaged over disorder, see Ref. [92].
For the data analysis, at least 1000 disorder samples were
generated for all system sizes and the lowest considered
temperatures. The system size typically ranges from L =
16 to L =90 for studying the CMRIJ percolation transi-
tion. For the data shown in Fig. 6, for instance, the number
of disorder samples is 20 597 for L =32 and 2886 for
L =108.
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