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Abstract We consider the coupling from the past implementation of the random—cluster
heat-bath process, and study its random running time, or coupling time. We focus on hyper-
cubic lattices embedded on tori, in dimensions one to three, with cluster fugacity at least
one. We make a number of conjectures regarding the asymptotic behaviour of the coupling
time, motivated by rigorous results in one dimension and Monte Carlo simulations in dimen-
sions two and three. Amongst our findings, we observe that, for generic parameter values,
the distribution of the appropriately standardized coupling time converges to a Gumbel dis-
tribution, and that the standard deviation of the coupling time is asymptotic to an explicit
universal constant multiple of the relaxation time. Perhaps surprisingly, we observe these
results to hold both off criticality, where the coupling time closely mimics the coupon collec-
tor’s problem, and also at the critical point, provided the cluster fugacity is below the value
at which the transition becomes discontinuous. Finally, we consider analogous questions for
the single-spin Ising heat-bath process.
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1 Introduction

Since nontrivial models in statistical mechanics are rarely exactly solvable, Monte Carlo
simulations provide an important tool for obtaining information on phase diagrams and
critical exponents. The standard Markov-chain Monte Carlo procedure involves constructing
a Markov chain with the desired stationary distribution, and then running the chain long
enough that the resulting samples are close to stationarity. The central obstacle to practical
applications of MCMC is that it is typically not known a priori how many steps are required
in order to reach (approximate) stationarity. In principle, the answer to this question can be
quantified by quantities such as the relaxation time or mixing time of the Markov chain (see
below). However, rigorously proving practically useful upper bounds on such quantities is a
very challenging task, as is their empirical estimation from simulations.

Coupling from the past (CFTP), introduced by Propp and Wilson [43], is a refinement
of the MCMC method, which automatically determines the required running time of the
Markov chain, and then outputs exact samples, rather than approximate ones. The price that
must be paid for these two significant benefits is that, unlike naive MCMC, the running time
of CFTP is random. The key question in determining the efficiency of the CFTP method for
a given application therefore becomes to understand the distribution of its random running
time, or coupling time. The name “coupling from the past” derives from two key features
of the method. Firstly, rather than running a single Markov chain, CFTP requires multiple
Markov chains be run simultaneously (coupling). Secondly, the chains are not run forward
from time 0, but are instead run from the past to time 0.

In this article, we present a detailed study of the coupling time for the heat-bath dynamics
of the Fortuin—Kasteleyn (FK) random—cluster model. This process is one of the examples
originally considered in [43], and has been the subject of several recent studies [10,15,16,
26,44]. As discussed in more detail below, when the cluster fugacity ¢ > 1, this process
possesses an important monotonicity property, which makes it an ideal candidate for an
efficient implementation of CFTP.

We consider the FK process on d-dimensional tori, Zi, ford =1, 2, 3. Our methods are
a combination of rigorous proof for d = 1, and systematic Monte Carlo experiments for d =
2, 3. Based on our studies, we conjecture a number of results for the coupling time, which we
state precisely in Sect. 2.4. Among them, we conjecture that, for generic choices of parameters
(p. q). the distribution of the coupling time (appropriately standardized) tends to a Gumbel
distribution as L — oo. For the special case of ¢ = 1, the coupling time corresponds precisely
to the coupon collector’s problem, for which the Gumbel limit is a classical result [17]. The
surprising observation is that such a limit appears not only to remain universally valid for the
FK heat-bath process at any off-critical choice of (p, g) € (0, 1) x [1, c0), but also at the
critical point, provided ¢ is below the value at which the transition becomes discontinuous. In
particular, we conjecture that this limit law holds forall p € (0, 1) wheng € [1,4) andd = 2.

In addition, we find strong evidence that the standard deviation of the coupling time is
asymptotic, as L — oo, to a universal constant times the relaxation time. Again, this is
conjectured to hold not only off criticality for arbitrary p # p. and g > 1, but also at
P = Ppc, provided ¢ is below the value at which the transition becomes discontinuous. If
true, this result suggests an efficient empirical method for estimating the relaxation time
of the FK heat-bath process: simply generate a number of independent realizations of the
coupling time and compute the sample variance. We emphasize that this result would imply
that consideration of the coupling time can provide non-trivial information about the original
Markov chain, and so its significance extends beyond possible applications of the CFTP
method, to standard MCMC simulations of the FK heat-bath chain.
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For comparison, we also briefly study the single-spin-update heat-bath process for the
Ising model. Due to the slow mixing in the low temperature phase [5], our numerical results
focus on the critical and high temperature regimes. In the high temperature regime, we find
identical behaviour to that described above for the FK heat-bath process; in particular we
find the same Gumbel limit law for the coupling time, and the same relationship between the
relaxation time and the standard deviation of the coupling time. At criticality, however, the
situation changes somewhat. The relaxation time and coupling time standard deviation do still
appear to be asymptotically proportional, but now with a different proportionality constant.
Moreover, while the standardized coupling time again appears to have a non-degenerate limit
at criticality, the limit appears not to be of Gumbel type in this case.

1.1 Outline

Let us outline the remainder of this article. In Sect. 2 we define the FK heat-bath process,
and discuss some relevant recent literature. We also define the coupling time, and explain its
connection to CFTP. Section 2.4 summarizes our theorems and conjectures for the FK cou-
pling time. Sections 3 and 4 respectively consider the moments and limiting distributions, and
present numerical evidence to support the conjectures outlined in Sect. 2.4. Sections 5 and 6
provide proofs of Theorems 2.1 and 2.3, respectively. Section 7 summarizes the analogous
results for the single-spin-update Ising heat-bath process. Finally, Appendix A establishes
some relevant properties of autocorrelation functions of the FK heat-bath process, which we
make use of in Sect. 3, and Appendix B discusses some technical lemmas concerning the
coupon collector’s problem.

2 Fortuin—Kasteleyn Heat-Bath Process
2.1 Definitions

The Fortuin—Kasteleyn random—cluster model is a correlated bond percolation model, which
can be defined on an arbitrary finite graph G = (V, E) with parameters p € [0, 1]Jandg > 0
via the measure

A = ———— g A (1 A Ak @
Z6(p.q)

where k(A) is the number of connected components (clusters) in the spanning subgraph
(V, A). The partition function, Zs(p, q) is closely related to the Tutte polynomial, and its
computation is known to be a #P-hard problem [30,49]. For ¢ = 1, the FK model coincides
with standard bond percolation, while for integer ¢ > 1 it is intimately related to the g-state
Potts model. Appropriate limits as ¢ — 0 also coincide with spanning forests and uniform
spanning trees.

While our focus in the current article is on finite graphs, standard arguments (see e.g. [24])
allow random—cluster measures to be defined! on the infinite lattice Z¢. In this setting, it is
well known [24] that for giveng > 1 and d > 2, there exists a critical probability p. € (0, 1),
such that the origin belongs to an infinite cluster with zero probability when p < p., and
with strictly positive probability when p > p.. The exact value of p. when d = 2 was
recently proved [3] to be p. = /q/(1 + /q). The corresponding phase transition is said

! For concreteness, in the present discussion we refer to the measure corresponding to wired boundary con-
ditions [24, Sect. 4.2].
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to be continuous if there is zero probability that the origin belongs to an infinite cluster at
P = pe, and is discontinuous otherwise. It is known [33] that the transition is discontinuous
for sufficiently large g. It is conjectured [24, Conjecture 6.32] that for every d > 2 there
exists g, such that the transition is continuous for ¢ < g, and discontinuous for g > ¢.. This
has recently been proved when d = 2, and moreover the exact value g, = 4 was established,
confirming a longstanding conjecture of Baxter [2]. More precisely, in the specific case of
d = 2, the phase transition is continuous [12] for 1 < ¢ < 4, and discontinuous [11] for
g > 4. Although p. = p.(g, d) depends on d and ¢, and ¢, depends on d, for brevity, we
shall not explicitly write this dependence when the values of ¢, d are clear from the context.

To ease notation, for A € E ande € E,let A, := A\ e and A° := A U e. Note that
A= Aiffe e A,and A = A, iffe ¢ A. Anedge e € A is said to be occupied in A. An
edge e € E is said to be pivotal to the configuration A if k(A.) # k(A°).

1
The FK heat-bath process has transition matrix P = — ), P. where
m
p(A,e), B = A°,
P,(A,B):=11—p(A,e), B=A,,
0, otherwise,
P (A°) p, eispivotal to A,
p(A,e) = ———F——— = )
P (A%) + P(Ae) p, otherwise,
~ r
P (2.2)

Sl @—-DU=p)
Note that, if ¢ > 1 and p € (0, 1), we have p < p, with equality iff g = 1.

‘We now proceed to define the central quantity of interest in this article, the coupling time
of the FK heat-bath process. It should be emphasized that the coupling time, and the corre-
sponding CFTP algorithm, are not uniquely determined by the transition probabilities of the
process, but rather by the particular random mapping representation that is chosen. Random
mapping representations for Markov chains provide convenient methods for constructing
useful couplings, and also for constructing practical computational implementations [35].

We focus attention on the following random mapping representation for P. Define f :
2F x E x [0, 1] = 2F via

e
FA ey = |4 1= PAO 2.3)
Aoy u > p(A,e).

Let & and U be independent, with & uniform on E and U uniform on [0, 1]. By construction,
P(f(A,&,U) = B) = P(A, B),andso (f, &, U) defines arandom mapping representation
for P [35]. It is straightforward to verify that f is monotonic: for any fixed e € E and
u € [0,1],if A € B, then f(A,e,u) C f(B,e,u). This random mapping representation
corresponds precisely to the manner in which a computational physicist would implement
the transition matrix P in practice.

Let (&, U;),en+ be an iid sequence® of copies of (£, U). Define .7, by % = E and
Tiv1 = f(F, &+1, Urr1). We refer to 7 as the top chain. Likewise, the bottom chain is
defined by By = 0 and B,+1 = f(%By, &+1, Usi+1). By construction, both ()N and
(%;)sen are Markov chains with transition matrix P. The coupled process (%;, -7} )N is the
fundamental object of consideration in this article. For brevity, in what follows, we will refer
to the coupled process (%;, 7;):en as “the FK heat-bath coupling”.

2 We adopt the convention that N := {0, 1,2, ...} and N* := (1,2,...}.
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We define the coupling time of the FK heat-bath process to be
T :=min{r e N: .J = %}. 2.4)

Note that, strictly speaking, the coupling time is a property of the FK heat-bath coupling,
rather than of a single FK heat-bath process. Also note that, by monotonicity, a Markov chain
started at time 0 in any state A € E will have coalesced with .7; and %; by time t = T, so
I can be viewed as the state of the Markov chain at the first time in which the initial state
has been forgotten by the above coupling. As discussed further in Sect. 2.3, the coupling time
has the same distribution as the running time of the CFTP algorithm.

2.2 Previous Studies of FK Glauber Processes

A reversible Markov chain with stationary distribution (2.1), which is local in the sense that
at most one edge is updated per time step, is typically referred to as a Glauber process for
the FK model. The two most commonly studied Glauber processes for the FK model are the
heat-bath process, as studied here, and the Metropolis process, as first studied numerically
in [46].

As a consequence of general results concerning heat-bath chains [13], the transition matrix
of the FK heat-bath process, P, has non-negative eigenvalues. If 1, denotes the second-largest
eigenvalue of P, the relaxation time [35] of P is

1
trel i= . 2.5
rel 1— 2 ( )
A closely related quantity is the exponential autocorrelation time [36,45], defined by
—1 —1
fexp i= = . 2.6
P (o) In(1 = 1/fe) (&)
It is easily verified that
el — 1 < texp = frel- (2'7)
Another quantity of importance is the mixing time [35], defined by
fmix (¢) 1= max min {|| P (A, -) — ¢llTv < €}, (2.8)
ACE teN

where || - [|Tv denotes total variation distance. Since fmix(¢) < [log, e tmix (1 /4), one also
defines fmix := tmix (1/4) [35]. Combining [35, Theorem 12.3] and [35, Theorem 12.4] with
Lemma 5.1 implies that for the FK heat-bath process

frel — 1

2

=
Stmix <In| ———— ) mt. (2.9)
p(l—p)

The quantities fre], fexp and fmix all quantify the rate at which a Markov chain approaches
stationarity, or mixes [35].

Numerical studies [10,21,48] of FK Glauber processes suggest that their mixing in the
neighbourhood of continuous phase transitions can be surprisingly efficient; comparable
to, and possibly faster than, non-local cluster algorithms such as the Swendsen-Wang and
Chayes-Machta processes [6,47]. In addition, it was observed numerically in [10] that, for
the FK Metropolis-Glauber process at criticality on the square and simple-cubic lattices,
certain observables apparently decorrelate asymptotically faster than a single sweep (i.e. in
time o(| E|)), suggesting FK Glauber processes could have significant advantages over cluster
algorithms.

@ Springer



On the Coupling Time of the Heat-Bath Process... 27

Significant progress has recently been made in rigorously bounding the mixing time of
FK Glauber processes. In [26], the mixing time of the ¢ = 2 FK Metropolis-Glauber process
on a graph with m edges and n vertices was shown to be O(n*m?). In addition, precise
asymptotics were given in [44] for the case of ¢ > 1 on L x L boxes in Z2, showing?
that fmix =< LZIn L, provided p # p.. Even more recently, it has been shown in [20] that
Imix = O(LlnL) on two-dimensional tori Z% at p = pe.

An important practical issue when simulating FK Glauber processes is the need to identify
whether the edge to be updated is pivotal to the current edge configuration. Sweeny [46] pro-
posed an algorithm for performing the necessary connectivity checks, which was applicable
to planar graphs. In [14-16], it was demonstrated that this algorithmic problem can be effi-
ciently solved by utilizing, and adapting, dynamic connectivity algorithms and appropriate
data structures introduced in [29]. These latter methods are applicable to arbitrary graphs,
and can perform the required pivotality tests in time which is poly-logarithmic in the graph
size.

2.3 Coupling from the Past

For completeness, in this section we present a brief review of the CFTP method applied to
the FK heat-bath process. We note however that the material in this section, which follows
the discussion in [43], serves only as motivation for studying the coupling time (2.4), and
none of the concepts introduced in this section will be required outside of this section.

Let (&,U;);=0 be an iid sequence of copies of (&,U), define random maps
for = f(-, &, U,),and for t € N* form the compositions

FO = foofi1o...0f (1. (2.10)
We can then define the backward coupling time to be
T :=min{t e NT: F*,(E) = F°,(#)}. (2.11)

As first shown in [43], the random state FQS(E ) = FBS(Q)) is an exact sample from the
FK distribution (2.1). Algorithmically, a single step of the above procedure corresponds to
starting chains in states E and ¢ at some point in the past, and running them until time 0.
This procedure is then applied iteratively, starting the chains at ever more distant times in the
past, and terminating the iteration at the first time that the chains started at E and J agree at
time 0.

To appreciate why the resulting state F' 95 (E) isdistributed according to (2.1), we can make
the following observations. Firstly, by monotonicity, if FE,(E ) = FE,(@) then FBI (A) =
FE,(E) for every A C E. Secondly, if Fg,(E) = FB,(@) then FQX(E) = FES(@) for every
s > t. Therefore, the state FE;(E ) coincides with FES (A) forany s > Tand A C E. In this
sense, we can picture F ET(E ) as the state, at time t = 0, of a Markov chain that started at
an arbitrary state in the infinite past.

For comparison, note that performing a standard Markov-chain Monte Carlo simulation
simply corresponds to composing the sequence of random maps in the opposite order to (2.10).
Specifically, to defining random maps f; := f(-, &, U;) and forming the compositions

Fy = fio...ofi.

3 The notation ay =< by means that there exist constants ¢, C > 0 such that cby < aj < Cby for all
sufficiently large L.
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28 A. Collevecchio et al.

Even though, by monotonicity, we have FJ (E) = Fl (A) = Fl () for all A C E, there is
no reason to suspect FOT (E) should have distribution (2.1).

Despite the significant differences between the forward and backward couplings, it can
be shown, quite generally, that forward and backward coupling times are identically dis-
tributed [43]. As a consequence, to study the behaviour of the random running time T of
CFTP, it suffices to consider only the forward coupling time 7', defined in (2.4).

The CFTP algorithm described above is the simplest version, however a number of algo-
rithmic improvements have been devised. In particular, rather than choosing the restart times

tobe —1, —2, —3, ..., the restart times can be chosen to be —aj, —aa, . . . for any monotonic
natural sequence ay, az, . ... See the pedagogical discussions in [27,32,35] for more details
on CFTP algorithms.

2.4 Behaviour of the Coupling Time

We now summarize our main results for the coupling time. We begin with some general
results, holding on arbitrary finite connected graphs, which relate the coupling time (2.4) to
Imix and fexp. Theorem 2.1 is a slight refinement, in the specific setting of the FK heat-bath
coupling, of the results presented in [43, Sect. 5]. Its proof is deferred until Sect. 5.

Theorem 2.1 Consider the FK heat-bath coupling with parameters p € (0, 1) and g > 1,
2

on a finite connected graph with m > 1 edges, and let ¥ := ¥ (p, q) = % Then
pl—p
_t/tex
¢ ’ <P(T >1) < e(ln(llf)+2)m—t/texp’ (2.12)
fmix — 1
o < E(T) < min {12 log, (4m) tmix, 4(logy(¥) + 3) m texp} . (2.13)
Vvar(T) < min {15 log, (4m) tmix, 5102y (%) + 3) m texp} - (2.14)

Remark 2.2 Tn the special case of L x L boxes in Z?, with p # p., we can combine the
mixing time bound presented in [44] with Theorem 2.1 to conclude that both E(7) and
var(T) are O(L? In? L), and that E(T) is $2(L?In L). Likewise, the results in [20] imply
that, at p = pc, both E(T') and var(T) are LOU"L) on 73 .

As mentioned briefly in Sect. 1, the coupling time is related to the coupon collector’s
problem. We now make this connection more precise. Consider a finite connected graph
G = (V, E) with |E| = m and let

W :=min{r e N : {&,..., &) = E}. (2.15)

The random variable W is the coupon collector’s time, for the edge process (&;);en+, and its
behaviour is well-understood [17,35]. It is elementary to show (see e.g. [42]) that

E(W)=mH,, ~ mln(m), (2.16)
2

var(W) = m2H® — mH,, ~ %mz, 2.17)

as m — 00, where H,S,k) = Z:”: 1 i~* s the generalized Harmonic number [22] of order &,
and H,, = H,fll). Moreover, as first shown in [17], for any x € R we have

mli_)moo P[W <EW) + x/var(W)] = G(x), (2.18)
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where

G(x) == exp <— exp <—%x - y)) , xeR, (2.19)

is the distribution function of the Gumbel distribution with zero mean and unit variance, and
y is the Euler-Mascheroni constant.
Since the top and bottom chains cannot coalesce until every edge has been updated at least
once, we clearly have
T>W. (2.20)

Moreover, if t € N*, then by monotonicity, %, and .7; will disagree on the edge &, iff & € .7,
and & ¢ %;. In turn, this will occur iff: &; is pivotal to %;_; but not pivotal to .7;_;; and
p < U; < p. If G is a tree, every edge is pivotal to every A C E, and the first condition
cannot occur. If ¢ = 1, then p = p and the second condition cannot occur. It follows that if
q = 1,orif G is atree, then T = W identically.

Our main interest in this article is the case that G is Z’Z for some choice of L and d. In
this case, T is certainly not identically equal to W. For d = 1 however, Theorem 2.3 shows
that, for large L, the behaviour of 7' closely mimics that of W. To emphasize the dependence
of T and W on L we append subscripts in the remainder of this section.

Theorem 2.3 Consider the FK heat-bath coupling on Z with parameters p € (0, 1) and
g > 1. Then, as L — oo, we have:
(i) E(Ty) ~ E(Wyp),
(ii) var(Tp) ~ var(Wp),
(iii) P[Ty < E(Tp) + x/var(Tr)] — G(x) for each x € R,
(iv) tre] < L.

Intuitively, one expects the behaviour of the model on Z, to be representative of the sub-
critical behaviour on Zi for any d > 1. This suggests that the sub-critical behaviour on Z‘Ii‘
should again be governed by the coupon collector time. Conjectures 2.4 and 2.5 formalize
this intuition in the case of the mean and variance. These conjectures are consistent with the
rigorous bounds known in two dimensions, discussed in Remark 2.2.

To ease notation in what follows, we define ur (L) := E(T7) and o7 (L) := +/var(Ty),
and likewise set uw (L) := E(Wp) and ow (L) := /var(Wp). For brevity, we omit explicit
mention of the dependence of ;7 and o7 on p, g. In later sections, we shall also often omit
explicit mention of their L dependence.

Conjecture 2.4 (Off-critical mean). Consider the FK heat-bath coupling on Z”LI withd > 2,
q > land p € (0, 1) such that p # pc. There exists C, (p, q,d) > 1 such that as L — oo

ur (L) ~ Cu(p,q,d) pw(L).

Numerical evidence in support of Conjecture 2.4 is presented in Sect. 3.1.

We note that, if correct, Conjecture 2.4 combined with (2.16) and the recent mixing time
bound [44] implies that for d = 2 we have ur (L) < tnix(L) whenever p # pc. It seems
natural to expect that this in fact holds in all dimensions. Given the difficulty of estimating
tmix numerically, however, we have no empirical evidence to directly support the claim
wr (L) < tmix (L), and we therefore do not state it formally as a conjecture.

Conjecture 2.5 (Off-critical variance). Consider the FK heat-bath coupling on Zi with
d>2q>1and p € (0,1) such that p # pc. There exists Cs(p, q,d) > 1 such that as
L — o0

or(L) ~ Co(p.q.d)ow(L).
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Numerical evidence in support of Conjecture 2.5 is presented in Sect. 3.1.

One consequence of Theorem 2.3 is that o7 (L) < t](L) when d = 1. While no pre-
cise asymptotics appear to be known for #,] when d > 1, from a physical standpoint one
expects that fe1 (L) =< L for p # pe, in any dimension d. Under this additional hypothesis,
Conjecture 2.5 is equivalent to the conjecture that o7 (L) < tr(L). We shall return to this
observation shortly.

Combining Conjectures 2.4 and 2.5 with (2.16) and (2.17) implies o7 (L) /1 (L) goes to
zero as L — oo. It then follows from Chebyshev’s inequality that for any ¢ > 0

PI(I —e)ur(L) <Tp < (I +eur(L)]=1-o(), L — oo.

While the moments of 77 do not behave like the corresponding moments of Wy at p., our
numerical results do suggest that ;7 (L) remains the dominant time scale at criticality when
q < gx-

Conjecture 2.6 Consider the FK heat-bath coupling on Z’I{ withd >2,q > land p € (0, 1)
such that if ¢ > g then p # pc. Then or(L)/ur (L) — 0as L — oo.

Numerical evidence in support of Conjecture 2.6 is presented in Sect. 3.2. Our numerical
results suggest that Conjecture 2.6 does not hold at p = p. when g > g..

In light of Conjectures 2.4 and 2.5, one is tempted to conjecture further that Part (iii) of
Theorem 2.3, the Gumbel limit law, also extends to the case d > 1 in the off-critical regime.
Section 4.1 provides strong numerical evidence to support this claim. What is perhaps more
surprising, however, is that the numerical results of Sect. 4.2 strongly suggest that the Gumbel
limit law holds even at the critical point, provided ¢ < g,. This is despite the fact that pr (L)
and o7 (L) certainly do not behave like the analogous moments of Wy, at p = p.. In this
sense, it seems 77, displays a “superuniversal” central limit theorem, independent of ¢, for
all ¢ < g«. Conjecture 2.7 formalizes this claim.

Conjecture 2.7 (Limiting Distribution). Consider the FK heat-bath coupling on Z‘Z with
d>2,q>1and p € (0,1) such that if g > g then p # pc. Then

Llim P(T; < pur(L) +xo7(L)] = G(x), for each x € R.
—00

Numerical evidence in support of Conjecture 2.7 is presented in Sect. 4. Our numerical
results suggest the Gumbel limit law does not hold at p = p. when ¢ > g... The special case
(p,q) = (pc, q+) appears to be rather subtle, and we are hesitant to make any predictions
concerning it.

If we assume that Conjecture 2.7 is correct, then combining it with Theorem 2.1 suggests
that o7 (L) is asymptotic to fexp(L) as L — oo. Indeed, setting t = uz + x oz in (2.12)
implies

@) - Ty cmP(T, > pr +xor) <d(n(y) +2)Ld — KT 7T,
texp lexp texp texp

However, it is easily obtained from (2.19) that

In[l = G(x)l ~ —y — %

Combining these facts with Conjecture 2.7 then motivates the following conjecture.

X, X — 0.

Conjecture 2.8 (Variance). Consider the FK heat-bath coupling on Z‘I{ withd >2,q > 1
and p € (0, 1) such that if g > q, then p # pc. Then
b4

/6

or(L) ~ fexp(L), L — oo.
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Numerical evidence in support of Conjecture 2.8 is presented in Sect. 3.3.

Remark 2.9 Recall that a sequence of chains has a cutoff [35] if, for all ¢ > 0, we have
tmix (L, &)/tmix(L, 1 —¢) — 1 as L — oo. A necessary condition [35, Proposition 18.4] for
cut-offis that tinix (L) / trel (L) — oo as L — o0.If one assumes the validity of Conjectures 2.6
and 2.8, and also assumes that f,ix < w7 (L), then this necessary condition will be satisfied
for the FK heat-bath process on Z’Z withd > 1,g > 1l andany p € (0, 1) such thatif g > g,
then p # pc. It is therefore tempting to speculate that the FK heat-bath process exhibits
cutoff for all such parameter choices.

For comparison, in Sect. 7 we consider analogous questions for the single-spin Ising heat-
bath process. Above the critical temperature, our results suggest the behaviour is identical
to that conjectured above for the FK heat-bath process. Specifically, the mean and variance
of the coupling time are asymptotic to a constant C > 1 multiple of their coupon collector
analogues, the standard deviation is asymptotic to (77/+/6) fexp» and the standardized quantity
(T — pr)/or has limiting distribution G(x). At the critical temperature, however, the
behaviour is somewhat different. In that case, our evidence suggests o7 /7 tends to a posi-
tive constant, rather than zero. Moreover, while we do still observe that (T — ur)/or has a
non-degenerate limiting distribution, this distribution does not appear to be G (x). We have
not attempted to identify the form of the limiting distribution in this case. Finally, we again
find strong evidence that o7 ~ C fexp, but now with C # 7/ V6. We state our conjectured
behaviour for the Ising heat-bath process more formally in Conjecture 7.1, in Sect. 7.2.

The observation that o7/ tends to zero for the critical FK heat-bath process, but not the
critical Ising heat-bath process, provides another perspective on the improved efficiency of the
former compared with the latter, over and above the empirical observation of critical speeding-
up and smaller relaxation time [10]. Moreover, if one postulates (admittedly, in the absence
of any significant evidence) that iy < fiix, and assumes the validity of Conjecture 2.8 and
its analogue for the Ising heat-bath process, then one concludes that fyix/#e diverges for
the critical FK heat-bath process, but not for the critical Ising heat-bath process. As noted in
Remark 2.9, this would immediately rule out cutoff in the Ising heat-bath process, but still
allow for its existence in the FK heat-bath process.

3 Moments

We now present numerical evidence in support of Conjectures 2.4, 2.5, 2.6 and 2.8. As
discussed in Sect. 2.1, ford = 2 the exact value of p.(g) is known, and itis known that ¢, = 4.
Neither p.(q) nor g, are known when d = 3. However, numerical studies [21,28,50] of the
case ¢ = 2.2 have provided convincing evidence that the transition at ¢ = 2.2 is continuous,
suggesting g, > 2.2. In our simulations for d = 3 we relied on the following estimated
critical points: p¢(1.5) = 0.31157497, p.(1.8) = 0.34096070, p.(2) = 0.35809124 and
pc(2.2) = 0.37361401. The values for g = 1.5, 1.8, 2.2 are taken from [50], while the value
for ¢ = 2 is taken from [8].

3.1 Off Criticality

We begin by considering the off-critical mean. In order to test Conjecture 2.4, Fig. 1a plots
Monte Carlo estimates of w7, scaled by the exact form of pyw from (2.16), on a linear-log
scale, for d = 2, 3, with a variety of ¢ values, and off-critical p values. The agreement is
excellent. The data are clearly converging to a constant C,,(p, g, d) > 1. The solid black
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Fig.1 (Color online) Monte Carlo estimates of w7 /uw (left) and o7 /ow (right) for the off-critical random—
cluster model with d = 2, 3, with various cluster fugacities ¢ and bond densities p. Error bars corresponding
to one standard error are shown

line in Fig. la corresponds to the case ¢ = 1, for which C,(p,q,d) = 1 identically.
It is conceivable, from the data at hand, that C,,(p, g, d) = 1 for all off-critical parameter
choices (p, ¢, d), however the current evidence does not seem strong enough for us to actually
conjecture that this is the case.

Analogously, in order to test Conjecture 2.5, Fig. 1b plots Monte Carlo estimates of o7 /ow
for d = 2, 3, with a variety of ¢ values, and off-critical p values, with oy given by (2.17).
The agreement is again excellent. The solid black line in Fig. 1b again corresponds to the
case g = 1, for which C, (p, g, d) = 1 identically. It is again conceivable, based on Fig. 1b,
that C, (p, g, d) = 1 for all off-critical parameter choices (p, g, d).

3.2 Criticality

In this section, we consider p7 and o at criticality when ¢ < g,. We begin by providing
numerical evidence in support of Conjecture 2.6. Recall that for ¢ = 1, we have from (2.16)
and (2.17) that ur /oy ~ ClIn(L) as L — oo, with C > 0. It is therefore natural to ask
whether the ratio p7 /o7 continues to behave as a simple function of In(L) when g > 1.
We therefore present in Fig. 2 a log-log plot of the ratio w7 /o7 vs In(L), for various critical
random—cluster model instances in two and three dimensions. Except for ¢ = ¢, = 4 in two
dimensions, we observe that ur /o7 appears to become asymptotic to a straight line with
positive slope, on a log-log scale. It appears that the ratio approaches either a constant or
weakly increases with L atd = 2 and ¢ = ¢, = 4. Similarly, in three dimensions, we observe
that ur /o appears to increase more slowly in L as g approaches g.. These observations
are consistent with the following possible scenario: pur/or ~ In(L)¥ as L — oo with an
exponent w that equals 1 at ¢ = 1 and which decreases monotonically with ¢ before finally
vanishing at g = g.. Regardless, we conclude that 7 /o7 diverges with L at criticality when
g < g, which supports Conjecture 2.6.

We next consider o7 /ow. Fig. 3 plots o7 /ow for d = 2, 3 with various values of ¢ < ¢.
Itis clear that o7 /ow — oo, which strongly suggests that Conjecture 2.5 cannot be extended
to p = pc. As we discuss in more detail in Sect. 3.4, the ratio o7 /ow appears to grow at
least as fast as In(L). Combining this observation, together with (2.16) and (2.17), with the
above observation that ur /o7 diverges, implies that iy /uw also diverges, which also rules
out the possibility that Conjecture 2.4 extends to p = p.. Direct numerical data for the ratio
Wt /puw support this conclusion.
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Fig. 2 (Color online) Monte Carlo estimates of 7 /o for the critical random—cluster model with d = 2
(left) and d = 3 (right), with various cluster fugacities ¢ < g«. Error bars corresponding to one standard error
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Fig. 3 (Color online) Monte Carlo estimates of o7 /oW for the critical random—cluster model with d = 2
(left) and d = 3 (right), with various cluster fugacities ¢ < g«. Error bars corresponding to one standard error
are shown

3.3 Variance and Relaxation Time

We now provide evidence in support of Conjecture 2.8, in both the critical and off-critical
cases. Let (X;);en be astationary FK heat-bath process, and define (.47);en via A7 = A (X}),
where .4 (A) = |A] is the number of occupied edges. Since .4 is a strictly increasing
function, Proposition A.1 in Appendix A implies that

cov(A, A7)
var(A40)

for some (parameter-dependent) constant C > 0. Assuming the validity of Conjecture 2.8,
it follows from (3.1) that

oy (1) = Ce '/l 1 — o0, (3.1)

Inpy (kop) ~ ———k (3.2)

NG
as k and L tend to infinity.

For a given time lag 7, we estimated p_y (¢) by performing around 100 independent
simulations, estimating p_s (¢) from each simulation using the standard time series estimator
(see e.g. [45, Equation (3.9)]), and then calculating the sample mean over independent runs
to obtain our final estimate of p_s (t). Figure 4 plots the resulting estimates of p_y (k oT)
versus k, for a variety of values of ¢, p and L. The data collapse evident from the figure
clearly supports the expectation (3.2), and therefore provides direct evidence to support
Conjecture 2.8.
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Fig. 4 (Color online) Monte Carlo estimates of In p_y (o7 k) for the random—cluster model with d = 2, and
various values of ¢ < gx, p and L. The pairs (¢, p) = (2,0.1) and (g, p) = (3.5, 0.6) are off-critical. The
filled areas enclosing the curves correspond to one standard error
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Fig. 5 (Color online) Monte Carlo estimates of o7 /fexp for the random—cluster model with d = 2, and
various values of ¢ < g«, p and L. The pairs (¢, p) = (2,0.1) and (g, p) = (3.5, 0.6) are off-critical. The
solid black line corresponds to the horizontal line 7 /+/6. Error bars corresponding to one standard error are
shown

To further test Conjecture 2.8, we used (3.1) to directly estimate Zexp, and then compared
these estimates with our estimates of o7. To estimate fex, from an estimate of p_y (¢), we
fitted a linear function a — ¢ /b to the data for (¢, In p_s (¢)), with appropriate cutoffs imposed
at both small ¢ (to avoid the pre-asymptotic regime) and large ¢ (to reduce statistical noise).
Using these estimates, Fig. 5 shows the L dependence of the ratio o /texp for a variety of
critical and off-critical (p, ¢) pairs, with ¢ < g.. The solid black line corresponds to the
asymptote 77/+/6 predicted by Conjecture 2.8. The data collapse is clearly excellent, lending
further strong support to the conjecture.

3.4 Dynamic Critical Exponents
We now briefly discuss a practical application of Conjecture 2.8. Assuming the validity of

Conjectures 2.5 and 2.8, and combining them with (2.17), confirms the intuition mentioned
in Sect. 2.4 that fex, ~ L4 off criticality. Moreover, a closer inspection of the data in Fig. 3
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Table 1 Estimated cr.itical d q /v o M o

exponent z7 for a variety of nt,. int,&

values of d and ¢ < g. If

Ci:)r]'ll;egc?uri ;.8dlf101ds?>tkhen 2 175 —0.1093 - 0.06(1) 0(In)

T = Zexp 2 2 0(In) 0(In) 0.14(1) 0(In)
2 2.5 0.2036 0.26(1) 0.31(1) 0.315(3)
2 3 0.4000 0.45(1) 0.49(1) 0.491(4)
2 35 0.6101 0.636(2) 0.69(1) 0.662(2)
3 1.5 —0.32(4) - 0.13(1) 0.090(6)
3 1.8 —0.15(5) - 0.29(1) 0.233(4)
3 2 0.174(1) 0.35(1) 0.46(3) 0.435(9)
3 2.2 0.50(4) - 0.76(1) 0.646(5)

suggests that, at least for sufficiently large ¢ < g«, we have o7 /ow ~ L* for some expo-
nent 7 = z(gq,d) > 0. Under the assumption of Conjecture 2.8, this is then equivalent to
fexp ™~ L4%2_ This behaviour, which is precisely the phenomenon of critical slowing-down,
is expected on physical grounds [45] to occur generically at p = p. when ¢ < g,. The expo-
nent z, controlling the divergence of fexp/ L? at continuous phase transitions, is an example
of a dynamic critical exponent. It is often denoted zexp in the literature [45]. While being
of considerable physical and practical significance, the precise estimation of zexp, even via
simulation, is a highly non-trivial task. However, if Conjecture 2.8 holds, then zexp, for the FK
heat-bath process can be estimated efficiently and reliably by considering the more tractable
problem of the asymptotics of o7. For clarity, we denote the exponent governing the critical
asymptotics of o7 /L% by z7.

So motivated, we considered a number of d and ¢ < g values, and fitted o7 /L? to both
power-law and logarithmic finite-size scaling ansitze, aL* 4+ b and a In(L) + b, both with b
free and fixed to zero. For a given ansatz, the quality of the fit was studied as we varied the
lower cutoff on the L values included in the fits. Table 1 summarises our best estimates for
zr, chosen to be the estimate resulting from the ansatz that yielded the highest confidence
level, and stable estimates with respect to a variation of the lower cutoff.

For comparison, we also present corresponding values of «/v, since a Li-Sokal type
bound [10] implies4 that zexp > o/v. Here a and v are the standard static critical exponents
governing the specific heat and correlation length, respectively. For d = 2, conjectured exact
expressions for & and v follow from the hyperscaling relation dv = 2 —«, the identification of
1/v with the renormalization group thermal exponent, and [40, Equation (3.37)]. Ford = 3,
the reported values of «/v correspond to the estimates presented in [9]. Also for comparison,
we present estimates of the scaling exponent ziy,. 4~ of the integrated autocorrelation time [45]
of the number of occupied edges, .4, taken from [10]. Integrated autocorrelation times are
often used in practice as surrogates for fexp, and their scaling exponents are then used as
estimates of zexp. We emphasize, however, that all that is known in general (via the spectral
representation for reversible Markov chains [45]) is that integrated autocorrelation times are
bounded above by #.], meaning that a priori, estimates of zin,. 4 only provide lower bounds
on Zexp. Under the assumption that Conjecture 2.8 holds, Table 1 would appear to suggest
that in fact zin, 4 may be strictly smaller than zexp.

Finally, to compare the performance of the heat-bath process for the random—cluster
model with the Chayes-Machta cluster algorithm [6], we include estimates [9] of the scaling
exponent szlltv[g, of the integrated autocorrelation time, with respect to the Chayes-Machta

4 Assuming the relevant exponents exist.
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Fig. 6 (Color online) Histograms of off-critical S, with parameters as specified in the figure. The histograms
are based on 19,000 independent samples for d = 2 and 11,000 for d = 3. Here p(s) denotes the probability
density function of S. For comparison, the solid green line shows the probability density function corresponding
to (2.19)

process, of the observable &”, defined as the number of edges whose end points belong to
the same connected component. For d = 3, we observe that zﬁltw(p, > Zexp appears to hold,
which would imply that the heat-bath process has a strictly smaller value of zexp than the
Chayes-Machta process.

4 Limiting Distribution

We now turn our attention to the limiting distribution of the coupling time, and provide
numerical evidence in support of Conjecture 2.7. To ease notation, in this section we introduce
the standardized variable

= (T —pr)/or. 4.1
4.1 Off Criticality

In this section we present evidence supporting Conjecture 2.7 in the off-critical case. We
defer discussion of the critical case until Sect. 4.2.

Figure 6 compares histograms of S with the probability density function corresponding
to (2.19). The left panel corresponds tod =2 and g = 8 at p = 0.3 < p(8, 2). The right
panel corresponds to d = 3 and g = 1.5 at p = 0.2; for reference, it is estimated [50] that
pc(1.5,3) = 0.31157497(59). The agreement is clearly excellent, providing strong support
for Conjecture 2.7.

We emphasize that the theoretical curve shown in Fig. 6 does not correspond to a fit to
the data; the distribution G(x) does not possess any free parameters. In order to obtain a
quantitative measure of how well the limiting distribution of S is described by G(x), we
therefore considered the three-parameter family of distributions known as the Generalized
Extreme Value distribution (GEV), defined by the distribution function

—e—(x—m)/0

§
—1/& “4.2)

FGEv(X; & n, 9) = e—(l+§(x—n)/9) E#£0

where £, 7 € Rand 6 > 0. The support of Fggy is R for§ =0, [n —6/&, oo) for § > 0, and
(—o0,n—0/&]foré < 0. The case £ = 0 corresponds to the Gumbel family of distributions,
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and the specific values

_rve Vo

E=0, n= = —0.45005320754 ..., 6 = = 0.77969780123 ... (4.3)
correspond to G (x) as given in (2.19).

Our consideration of Fggy can be motivated as follows. Consider an iid sequence of
random variables X1, X5, ... and let M;, := max{X1, ..., X,;}. The extremal types theorem
(see e.g. [34, Theorem 1.4.2]) states that if the sequence M,,, appropriately standardized,® has
a non-degenerate limit, then the limit must be a GEV distribution. To relate this observation
to the coupling time, we can envision coarse-graining the lattice into regions of size much
larger than the spatial correlation length, which is finite off criticality. To each such region we
can assign a local coupling time, defined to be the last time before 7 that the state (occupied
or unoccupied) of each edge in that region is the same in the top and bottom chains. Since
the correlations between regions are weak, as a first approximation one can envision the
local coupling times as independent. Moreover, the coupling time of the system, 7', is the
maximum of these local coupling times. It is therefore natural to expect that if an appropriate
standardization of 7 converges to a non-degenerate limit as L — oo, then the limit should
be of the form (4.2).

We therefore fitted the ansatz (4.2) to our data for S, and computed maximum likelihood-
estimates of the parameters &, n,0. Ford =2, ¢ = 8, p = 0.3 and L = 128, (left panel of
Fig. 6) we obtain

£ =0.01(1) n=-045(1) 6 =0.77(1), 4.4

based on 19000 independent samples, and with error bars are computed via bootstrap
re-sampling [51]. These estimates are in perfect agreement with the parameter values corre-
sponding to G (x). Similarly, ford = 3,q = 1.5, p = 0.2 and L = 64 (right panel in Fig. 6),
we obtain

£=0.01(1) n=-0452) 6 =0.78(1) 4.5)

based on 11000 samples. Finally, we also considered d = 3, ¢ = 2.2 and p = 0.6, which is
expected to be in the supercritical regime [50], and obtained

£=0.00(1) n=-0452) 0 =0.79(1), (4.6)

based on 11000 samples. In each case, the estimates of the GEV parameters are entirely
consistent with the parameter values in (4.3) corresponding to G (x), as predicted in Conjec-
ture 2.7.

4.2 Criticality

Although we have observed that ;7 and o7 display non-trivial L dependencies when p = p,
we now present evidence that Conjecture 2.7 is valid at p = p. when g < gx.

Figure 7 compares histograms of § with the probability density function corresponding
to (2.19). The left panel corresponds to d = 2 and ¢ = 3.5, while the right panel corresponds
tod = 3 and g = 1.5. The agreement is clearly excellent, providing strong support for
Conjecture 2.7.

Analogous to our discussion of the off-critical case in Sect. 4.1, we can obtain a more
quantitative test of the agreement between the limiting distribution of S and (2.19) by fitting
the GEV distribution, (4.2). We considered a number of values of ¢ < g, withd = 2, 3, and

5 Le. My — (M, — by)/ay for some deterministic sequences a, > 0 and by,.
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Fig.7 (Color online) Histograms of § at criticality, with parameters as specified in the figure. The histograms
are based on 15, 000 independent samples for d = 2 and 10, 000 for d = 3. Here p(s) denotes the probability
density function of S. For comparison, the solid green line shows the probability density function corresponding
to (2.19)

Table 2 Parameter estimates

obtained by fitting the GEV d 4 L 7 o 5 Ns
distribution (4.2) to the empirical 2 175 1024 —045(3) 0.80(2) —0.02(2) 3360
distribution for S at p = p, for
various choices of ¢ < gs. Here 2 175 512 —0452) 0.79(1) —0.01(2) 9800
N denotes the number of 2 2.00 512 —0.452) 0.78(1) 0.00(1) 9000
samples. Error bars correspondto 5 5 o 800 —0.452) 0.80(1) —0.02(1) 9000
one standard error 2 250 512 —0452) 0792) —001(1) 9000
2 3.00 512 —0452) 0.78(1) 0.01(1) 9000
2 350 512 —046(2) 0.77(1) 0.02(2) 8990
2 350 800  —0.46(1) 0.77(1) 0.01(1) 15,730
3 15 64  —045(1) 0.78(1) 0.01(2) 10,000
3 1.8 64  —044(1) 0.81(1) 0.03(1) 10,000
320 64  —045(2) 0.803) 0.03(3) 700
3 22 64  —0.44(1) 0.80(1) 0.03(1) 10,000

our results are summarized in Table 2. The estimates of the GEV parameters 7, 6, £ are in
good agreement with the parameter values (4.3) corresponding to G (x). The combination of
these numerical results strongly support the validity of Conjecture 2.7.

We conclude this section with some comments on the case of p = p. and ¢ > ¢, which
is excluded from our statement of Conjecture 2.7. Because of the slow mixing inherent at
discontinuous phase transitions, it is much more difficult to obtain accurate simulation results
at p = p. when ¢ > g,. We did however perform a simulation study for d = 2 at p. for
g = 5 > q.. While it does appear that the standardized variable S again converges to a
non-degenerate limit, it appears that this limit is not G(x). To illustrate this, we generated
10,000 samples of T with L = 256, and obtained the following GEV parameter estimates:
£ =0.192), n = —0.49(2), & = 0.62(1). The deviation of £ away from the Gumbel value
& = 0 seems to provide strong evidence that Conjecture 2.7 cannot be extended to the case
of p = p. when g > g,.

The case ¢ = g, is more subtle. In this case, it is not slow mixing that constitutes an
impediment, but rather the notorious issue of multiplicative logarithms arising in finite-size
scaling ansitze. We simulated the case d = 2 and ¢ = g, = 4 at p = p, at a variety of
different L values. We again observe that the distribution of S appears to converge to a non-
degenerate limit. The GEV distribution was fitted to the data for S, and the corresponding
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Table 3 Parameter estimates obtained by fitting the GEV distribution (4.2) to the empirical distribution for
S at (p,q) = (pc, g«) and d = 2, for various choices of L. Here Ny denotes the number of samples. Error
bars correspond to one standard error

L n 0 § Ns

128 —0.46(2) 0.73(1) 0.05(2) 8990
256 —0.47(2) 0.71(1) 0.08(2) 9000
512 —0.47(1) 0.73(1) 0.06(1) 18940
800 —0.47(1) 0.72(1) 0.07(1) 20000
1024 —0.47(2) 0.72(1) 0.07(1) 9850

estimates for n, 0, £ are reported in Table 3. The resulting estimates of 6 and & are not
consistent with the values corresponding to G(x). In particular, the estimates suggest &
is strictly positive, which would rule out a Gumbel limit law. Therefore, based on these
estimates, there does not appear to be any evidence suggesting Conjecture 2.7 can be extended
to the case of (p, q) = (pc, g«). However, the discrepancies of these parameter estimates
with the values corresponding to G (x) are relatively small. Therefore, we also believe that
there is insufficient evidence to conclude that the distribution of S at (p, q) = (pc, g«) is
actually different to G (x). Determining the limiting distribution of S at (p, q) = (pc, g«)
therefore remains an open problem.

S Arbitrary Graphs

In this section, we consider the FK heat-bath process on arbitrary graphs, and prove Theo-
rem 2.1.

Proof of Theorem 2.1 Consider the FK heat-bath coupling on a finite connected graph G =
(V, E) with |E| =m > 1, and let

d(t) := max |[P'(A, ) — $llTv. (5.1
ACE
It follows from [43, Theorem 5] and [35, Equation (4.24)] that
dit) <P(T >1) <2(m+1)d(), (5.2)

for any t € N. Combining the lower bound in (5.2) with [35, Equation (12.13)] yields the
stated lower bound for the tail distribution:

eft/[exp

P(T >1)>=d@) =

Similarly, combining (5.2) with Markov’s inequality implies

(tmix — 1)
E(T) > (tmix - I)P(T > Imix — 1) > (tmix - 1)d(l‘mix - 1) = mlx?
This establishes the stated lower bounds.
‘We now consider the upper bounds. Let M € (1, oo) be such that
P(T >IM) < 2_[, forall / € N. (5.3)
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Then for k € {0, 1} we have

1) oo (+1)[M1-1
szP(T>t)§Z KT > 1 M)
1=0 1=0 t=I[M]
oo (I+1)[M1—-1
< Z Z tk 2—1
1=0 1=I[M]
= (k+2)[MT*+ —k[M].

The k = 0 case then immediately yields an upper bound for E(T), via

oo
E(T)=) P(T >1) <2[M] <4M. (5.4)
t=0
Similarly, standard manipulations of probability generating functions (see e.g. [18, Chapter
X1]) show that

E[T(T -] =2) tP(T > 1), (5.5)
t=0
and so the k = 1 case yields
var(T) < E[T(T — 1)] + E(T) < 6[M1?, (5.6)
which implies
Vvar(T) < V6(M +1) <26 M <5M. (5.7)

‘We now determine suitable choices of M for which (5.3) holds. Since the bound is trivial
for I = 0, we assume [ > 1. We begin by considering bounds in terms of fexp. Letting
@min = min{¢(A) : A C E}, and combining [35, Lemma 6.13] and [35, Equation (12.11)]
with (5.2) yields

P(T > 1) <2(m+ 1)d(t) < %e*%v <2(m+1)y™ e exw, (5.8)

min

where in the last step we applied Lemma 5.1. Since In[2(m + 1)] < 2m, this immediately
yields the stated upper bound for P(T" > r). Likewise, since log,[2(m + 1)]) < 2m, if we
set M = [log, (V) + 3]m texp then it follows from (5.8) that

< [logy (¥) + 2lm — l[logy (¥) + 3]m
—( = D2 + logy (W) lm — m
—ml

-1,

log, P(T > I M)

A

IATA

and so (5.3) holds. Inserting this choice of M into (5.5) and (5.7) then yields the stated upper
bounds for E(T") and 4/var(T) in terms of fexp.

Finally, we consider bounds in terms of #ix. Combining (5.2) with [35, Equation (4.35)]
we obtain

P(T > 1) <2(m+ 1)d(t) <4md(r) < 208G~/ tmix]
Setting M = 3log, (4m) tnix, it follows that
log, P(T > I M) < log,(4m) — 3log,(4m)l + 1
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[1 — (21 —1)log,(4m)] — log,(4m) [
< —logy(4m)!
< -l
which implies that (5.3) holds. Inserting this choice of M into (5.5) and (5.7) then yields the
stated upper bounds for E(7T") and +/var(T) in terms of #p;x. O

Lemma 5.1 Consider the FK model with g > 1 and p € (0, 1), on a finite connected graph
G = (V, E) with m edges, and let ppmin = min{¢(A) : A C E}. Then

p(1—p)\"
d)min > (72 .
q

Proof Since

D PN = TG < g Y7 p A py i = g7

ACE ACE
for any A € E we have

$(A) = plAl — pynIAlgH D= > 1 — pyg T

The stated result then follows since G being connected impliesn < m + 1 < 2m. O

6 The Cycle

In this section, we consider the FK heat-bath coupling, with parameters p € (0, 1) andg > 1,
on the graph Zp , and prove Theorem 2.3. We begin, in Sect. 6.1, by showing that T equals
W with high probability, as L — oo. This observation is then used in Sect. 6.2 to prove Parts
(i) and (ii), of Theorem 2.3, and again in Sect. 6.3 to prove Part (iii). Finally, in Sect. 6.4, we
prove Part (iv).

6.1 Asymptotic Coupon Collector Behaviour

For each e € E, define
H(e) =sup{t < W : & =e}.

We refer to the time H (e) as the last visit to e. Let (H;);._, denote the sequence of the H (e),
arranged in increasing order. In particular, H; is the first time that a last visit occurs. And
likewise, H; is the time that the ith last visit occurs.

Proposition 6.1 Consider the FK heat-bath coupling on Zy with p € (0,1) and q > 1.
There exists ¢ > 0 such that P(T = W) =1— O(L™%).

Proof Fixp € (0,1)andg > 1,andleta; := [InL].Let &; be the event that the edge gHj
is pivotal in the top process at time H; — 1. By monotonicity, whenever an edge is pivotal
to the top chain, it is also pivotal to the bottom chain. Lemma 6.2 implies that there exists
® > 0 such that

ar,
(2| +ow ™. (6.1)
j=1

P(T>W)=P|T>W
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Now suppose ﬂ?ilﬁj occurs, and let 1 < i < a;. If Uy, < p, then &y, € %, and
én, € Z; forall t € [H;, W], while if Uy, > p then &y, ¢ %; and én, ¢ 7 for all
t € [H;, W]. Consequently, on Zy, if Uy, > p, then every edge e # &, is pivotal to
I, and %y, for all t € (H;, W], so that after any update of such an edge in this time
window, its state (occupied or unoccupied) in the top and bottom chain will agree. Since
eache € E\ {&y,, ..., &y} must be updated in (H;, W], this implies that the top and
bottom chains agree at time W, and so 7 < W. It follows that T > W can occur only if
Up, < pforeach 1 <i <ay, and so

ar Lln P
REA R G (6.2)
' P

P{T>W

j=1

Since p € (0, 1), we have p € (0, 1), and so In(p) < 0. Choosing ¢ = min{w, — In p}, and
combining (6.1) and (6.2), we therefore obtain

P(T > W) = O(L™®).
Combining this observation with (2.20) yields the stated result. ]

Lemma 6.2 Consider the top process on Zy, with fixed p € (0,1) and g > 1. Let &} be
the event that the edge &y, is pivotal at time Hj — 1, and let ag, = |In L]. Then there exists
o > 0 such that

ar,
P U@; =0(L™®), L — oo.
j=1

Proof LetR; :={e € E : & = e for some s < t}, the set of distinct edges visited up to time
t.Let 7 = {|Rp, | > ar} be the event that more than a; distinct edges have been visited by
time H;. If 2 holds, then it also holds that more than a; distinct edges have been visited by
time H;, forany j > 1.Fix 1 < j < L and p, & € (0, 1), and define «/; to be the event that
atleast (1 — p)ay, edges are unoccupied at time H; — 1. For any choice of &, p € (0, 1), we
have £(1 — p)ar > 2 for all sufficiently large L; let L be so chosen in what follows. Then,
if @7; occurs, there are at least 2 unoccupied edges at time H; — 1, which in turn means that
all edges are pivotal at time H; — 1. Therefore, &/; C ;.

Let # denote the set of the first ay, distinct edges visited by (&;);cn+. On 2, the edges
in % are all visited prior to H;. Denote the times of last visit to the edges in %, prior to Hj,
by M < My < ... < Mg, ,andlet] <i <ay.Since p > p, if Uy, > p, then regardless
of the structure of Zjy,_1, we have &y, ¢ T, . It follows that if X; = 1(Uy, > p), then
P(&m; ¢ Im;) = P(X; = 1) = (1 — p). Therefore, Chernoff’s bound [38, Equation (4.5)]
implies

P(12) <P(o17) <P (Z X < &(1 — p)aL> < v

i=1
withy = (1 — £)2(1 — p)/2 > 0.
Combining this with the union bound gives
ajy, ar,
P Z5|2]| <d B2
j=1 j=1
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< aLefyaL
<’ In(L) L.

It follows that for any 0 < § < y we have
ar

C

Pl
j=1

Finally, Lemma B.1 in Appendix B implies that there exists ¢ > 0 such that

7| =0L™.

P(2°) = O(L™?).
Choosing w = min{4, ¢} then implies

ar,
P Uz@j = O(L™®).
j=1

Since w > 0, the stated result follows. O

6.2 Mean and Variance

Define the sequence of random times W such that Wy = 0 and for j € N*
Wj = min{t > Wj,I : {éDWj_H»l’ ey g}} = E}

We define new processes (ﬁ, )reN and (9%),51\1 as follows, which proceed analogously to the
top and bottom chains, except that they are restarted at times W; < T. More precisely, let
% = E, and for ¢t € N set

> fE. &1, Up), t=W;andT > W;,
T =1 = ! (6.3)
f(T;, 41, Uig1), otherwise.

Similarly, %y = #, and for € N we set

f@, 841, U41), t= W; and T > W,

Brv1 = f(@,, &r+1, Ury1), otherwise. ©4)
By monotonicity, it is clear that for all # € N we have
B < B < T <. (6.5)
We can now consider the coupling time corresponding to .7, and %;,
T :=min{r e N : 9 = %). (6.6)
It follows from (6.5) that T < T. Combining this with (2.20) implies
W<T<T. 6.7)

Proof of Theorem 2.3, Parts (i) and (ii) Combining (6.7) and Lemma 6.3 immediately yields
E(T) ~ E(W), which establishes Part (i).
To establish Part (ii) we note that (6.7) implies

E(W?) — (ET)? < var(T) < E(T?) — (EW)?,
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and rearranging, we obtain

) ) = 2 =\ 2
. EW) (IET) - var(T) - var(T)  (EW) (E;/) —1]. 68

var(W) | \Ew = var(W) ~ var(W) ' var(W) | \EwW

Lemma 6.3 implies

~\ 2
ET 1| =0(L% (6.9)
EW B ’ '
while (2.16) and (2.17) imply
(EW)? >
= O(In“(L)), 6.10
var(W) (In*(L)) (6.10)
and so (6.8) yields
.. . var(T) . var(T') . Var(f)
1 < liminf < lim sup < lim sup .
L—oo var(W) L—oo Var(W) L—oo Var(W)
Combining this with Part (ii) of Lemma 6.3 then implies that var(7) ~ var(W). O

Lemma 6.3 Let T be as defined in (6.6). Then:
(i) E(T) = E(W)[1+ O(L™)].
(i1) limsup;_, ., var(T)/var(W) < L

Proof By construction of the processes 9?, and , we have T e {Wy, Wy, W3, .. .}. Defining
the random index J via

J =inf{j e N: By, = Jw,},
we therefore have 7 = W, 7. It follows that

T=>)"v

Jj=1

where Y; := (W; — W;_1) form an iid sequence of copies of W; = W. Moreover, J is
geometrically distributed, with success probability P(T = W). From Proposition 6.1 we
therefore obtain

E(J) =14 O(L™),

var(J) = O(L™°%). (6.11)

Let % =0 (&1,Uy,..., &, Uy) denote the natural filtration of the auxiliary noise. For
each j € NT, the time W; is a stopping time with respect to .%;, and we can define the o-
algebra¥; := ﬂwj .Since W;_| < Wj, the sequence (¥;) JeN+ is a filtration, and moreover,

(Yj)jen+ is adapted to it. It is easily verified that o (Y ) and ¢;_ are independent, for each
j € N*. Furthermore, J is a stopping time with respect to (¢;) jen+. It therefore follows
from Wald’s first equation [7, Theorem 5.3.1] that

E(T) = E(J)E(W). 6.12)
Combining (6.11) with (6.12) yields statement (i).
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We now turn to statement (ii). Consider the random variable 7 — E(W) J. We clearly
have

J
T—EW)J =) [Y; —EW)],
j=1

and it follows from (6.12) that T — E(W) J has mean zero. Wald’s second equation [7,
Theorem 5.3.3] therefore yields

E((T — E(W) J)?] = E(J) var(Y; — E(W)) = E(J) var(W). (6.13)

We can upper-bound var(T) using (6.13) as follows. Fix a parameter a > 1. Jensen’s
inequality implies that for any b, ¢ € R we have

1 —1 2
(b+c)2=<gba+aa (ac_“l)> sza—i—czmaﬁ. (6.14)

From (6.12) and (6.14) it follows that, for any a > 1,
- . 2
var(T) = E ([T - IE(W)]E(J)] )

~ 2
—F ([(T “E(W) J) + E(W)(J — IE(J))] )
a
(a—1)
= aE(J) var(W) + a“j EW)? var(J), (6.15)

(EW)? var(J)

<aE [(T —EW) 1)2} +

where the last step follows from (6.13). From (6.10) and (6.11) we therefore obtain that, for
any a > 1,

var(f") _ a (EW)? _
<al|l+O0L"*¢ O(L™%) < 1),
Var(W)_a[+ ( )]+1—avar(W) (L) =a+oll)
and we conclude that _
. var(T)
lim sup <a (6.16)
L—oo var(W)
Finally, since (6.16) holds for all @ > 1, we in fact have
T
lim sup var(T) <1,
L—oo var(W)
as claimed. O

6.3 Distribution

By combining Proposition 6.1 with Parts (i) and (ii) of Theorem 2.3, we can now prove Part
(iii).
Proof of Theorem 2.3, Part (iii) Fixq > 1and p € (0, 1), and let P, denote the correspond-

ing measure for the FK heat-bath coupling on Z, with analogous notation for expectation
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and variance. Define the sequences g7 := Ep(T), yr := Ep (W), hy = /varp(T) and
ng = «/vary (W). Proposition 6.1 implies that for any fixed x € R, we have

PLIT <gL+xh ] =PLIW < gL +xhr|T = W]+ O(L™)
=Pr[W <gr+xhr]+ O(L™%). 6.17)
Since Parts (i) and (ii) of Theorem 2.3 imply, respectively, that y; ~ gr and np ~ hp, the

stated result follows from (6.17) via the Convergence of Types theorem [4, Theorem 14.2].
]

6.4 Relaxation Time

Proof of Theorem 2.3, Part (iv) Let P denote the transition matrix of the FK process on
Zp, with parameters (p, q), and let ¢ denote the corresponding stationary distribution. For
g, h:2F = R, let (g, h)e = > acg &(A) h(A) ¢ (A) denote the inner product on 12(¢).
The Dirichlet form & corresponding to P and ¢ is defined by &(g, h) := ((I — P)g, h)e. It
is well-known (see e.g. [35, Lemma 13.11]) that

1
Gg) =@ 8) =3 > Vi(A, B) Q(A, B), (6.18)
A.BSE

where
Vi(A, B) = [g(A) — g(B)]* = V(B, A),
Q(A,B) == ¢(A) P(A, B) = Q(B, A). (6.19)

We denote the spectral gap of P by y := 1 — Ay. The Rayleigh-Ritz characterization [35,
Remark 13.13] of the spectral gap implies that

£(g)

min .
g2f-R Vvarg (&)
varg (g)#0

y = (6.20)

We can bound the spectral gap of P via a comparison with percolation with edge proba-
bility p. In what follows, the quantities P, Q é, v, qE are defined analogously to P, Q, &,
¥, ¢, but with parameters (p, 1) rather than (p, q).

Replacing the number of components k(A) in (2.1) with the cyclomatic number c(A) =
L — |A| + k(A), and using the fact that c(A) = 1 iff A = E, and c¢(A) = 0 otherwise, we
find

¢ (A) = r ¢"4=F) g(4),

1
ry = — 6.21
T Ty @ -t 02D

If A and B are both different from E, then P(A, B) = i’(A, B) and so
Q(A, B) =r. O(A, B).
By contrast, for any e € E,
=]

O(E.E,) = m% O(E.E) =r; O(E.E,) + ¢ pf
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where ¢ > 0 depends only on p and q. It follows that

~]
&(g) =ri E(g) +crL pT ; V,(E. E,). (6.22)

Due to the product form of P, an explicit diagonalization can be easily obtained. A
discussion of the case p = 1/2 can be found in [35, Example 12.15], which can be extended
to any p € (0, 1), to show that the eigenvalues of P have the form 1 — k JLfor0 <k <L,
and to obtain explicit forms for the corresponding eigenfunctions. In particular, this shows
that the second-largest eigenvalue is do=1—1/L,andsoy = 1/L.

Fixanedgee € E,andlet J, := {A C E : A > ¢}, the event that e is occupied. It can be
easily verified directly that the function ¥ : 2€ — R defined by

Y(A) =1,(4)—-p

is an eigenfunction of P with eigenvalue A». It follows that

5 5 - p(l—p)
EW) = (I = PYW, W) 5 =7 vary () = = (6.23)
Since ¢ (J5) = rLdB(JeC), we have
vary (@) = 12 p(1 — p) (1 +(q - 1)15“1) . (6.24)

Combining (6.20), (6.22), (6.23) and (6.24) we see that, as L — oo,

<~ 0 ()]

This establishes the stated lower bound for f]. ;
To establish the upper bound, first note that (6.22) implies &(g) > rr &(g) for all g :
2E _ R. Similarly, for any g : 2 — R we have

1
varg(g) = 5 ) V(A B)$(A) $(B)

A,BCE

< qri varg(g),

where the inequality follows by inserting (6.21) and noting that V,(E, E) = 0. It follows
that, for any non-constant g : 2E 5 R, we have

) _ 1 &
varg(g) ~ qrL Varg,(g)’

and so

vz = [i+oh)].

s
qrL
O
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7 Single-Spin Ising Heat-Bath Process

In this section, we present a brief discussion of the coupling time for the single-spin Ising heat-
bath process. Since the process has exponentially slow mixing below the critical temperature,
we focus on temperatures at and above criticality. At temperatures above criticality, we find
that the coupling time again displays the same coupon-collector-like behaviour observed for
the FK heat-bath process. As we shall see, however, at the critical temperature the behaviour
is somewhat different.

We define the Ising heat-bath process precisely in Sect. 7.1, and in Sect. 7.2 we summarise
our conjectures for the behaviour of its coupling time. Sections 7.3 to 7.5 then outline the
numerical evidence in support of these conjectures.

7.1 Definition of the Process

The zero-field ferromagnetic Ising model on finite graph G = (V, E) at inverse temperature
B > 0 is defined by the Gibbs measure

r@) oxcexp | By wiwj |, we(-1,1}". (7.1)
ijeE

It is intimately related to the ¢ = 2 Fortuin-Kasteleyn random—cluster model. The correlated
percolation transition displayed by the FK model on Z¢, when d > 2, manifests itself as an
order-disorder transition in the Ising model at a critical 0 < B < oo. This transition is known
to be continuous [1]. The two-dimensional model is particularly well-understood [37], where
it is known that 8. = Inv/'1 + /2.

The single-spin Ising heat-bath process is a Markov chain with stationary distribution (7.1),
which can be defined by the following random mapping representation. Let #" and U be
independent random variables, with ¥" uniform on V and U uniform on [0, 1]. Forv € V and
w € {—1, I}V, let Sy(w) = > ., @y denote the local magnetization at v in configuration
o, where the notation w ~ v denotes adjacency between vertices w and v. Then define
f {1, I}V x V x[0,1] = {—1, I}V so that f(w, v, u) = ' where, for eachw € V,

wy, W FE,

eﬂsu(m)
+1, w=vanduy <
Cl);} = gﬂsu(w) +e BSy (@) (72)
eﬂsv(w)

—1, w=vandu > 5@ 1 o BS@ R
The set {—1, 1}V has a natural partial order such that w < &' iff w, < @/, forallv € V. It
is straightforward to verify that f is monotonic with respect to this partial order; i.e. for any
fixedve Vandu € [0,1],if w < o, then f(w, v,u) < f(«, v, u).

Let (%, U;);en+ be an iid sequence of copies of (¥, U). Analogous to the FK heat-bath
process, we define top and bottom chains corresponding to the random mapping represen-
tation (7.2). Specifically, we define the top chain (.%),en so that 9 = (+1,...,+1) and
Ti+1 = f(F, Y541, Urt1), and the bottom chain (%;);cn so that g = (—1, ..., —1) and
Biv1 = (B, Vi+1, Uir1). We refer to the coupled process (%, 7;);en+ as “the Ising
heat-bath coupling”. With these definitions for the top and bottom chains, the coupling time
of the Ising heat-bath process is again defined by (2.4).
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Fig. 8 (Color online) Monte Carlo estimates of p7 /uw (left) and o7 /ow (right) for the Ising heat-bath
process with d = 2 and B < B¢ values as specified in the figure. Error bars corresponding to one standard
error are shown

7.2 Behaviour of the Coupling Time for the Ising Heat-Bath Process

We now summarise our expectations for the behaviour of the coupling time for the Ising
heat-bath process. Numerical evidence in support of these conjectures will be presented in
the following sections.

Conjecture 7.1 Consider the Ising heat-bath process on Z‘i withd > 1. As L — oo:

(i) pur ~ Ci(B,d) pw and ot ~ C2(B, d) ow when B < B with C1(B, d), C2(B,d) > 0
(ii) pur/or — C3(d) at B = B¢, with C3(d) > 0
(iii) o1 ~ C4(B, d) tye) for all B < B, with C4(B8,d) > 0. Moreover, C4(8,d) = n/«/gfor
all B < Bcand all d.
(v) If B < Be

Llim P[Ty < E(Tp) 4+ x+/var(Ty)] = F(x), foreach x € R

— 00

for some non-degenerate distribution function F. Moreover, F(x) = G(x) for all
B < Bc, where G(x) is the Gumbel distribution defined by (2.19).

The numerical results presented in Sect. 7.5 strongly suggest that the limit law conjectured
in Part (iv) is not a Gumbel distribution when = f.. We offer no conjecture on the form of
the limiting distribution in this case; it appears to be an interesting open question. Similarly,
we offer no conjecture for the exact form of C4(B, d) at B = f..

Preliminary results, for very small L values with d = 2, suggest that (T — u7)/or also
converges to a non-degenerate limit law as L — oo when 8 > f., which again appears
not to be G(x). Furthermore, it also seems plausible that o7 < fexp remains true when
B > B.. However, given the computational difficulties in simulating this regime, we have
not attempted to test these predictions for 8 > S in a detailed manner, and we therefore do
not include their statements in Conjecture 7.1.

7.3 Moments

We begin by considering the high-temperature regime. Figure 8 plots the L dependence of
wr/uw and o7 /ow withd = 2 and B = 0.4 < .. The data clearly support Part (i) of
Conjecture 7.1. We note that C;(8, d) and C»2(B, d) seem to be strictly larger than 1, and
strongly 8 dependent.
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Fig. 9 (Color online) Monte Carlo estimates of ju7/ L4 and or/ L4 for the critical Ising heat-bath process
with d = 2. The solid black line shows the curve AL%, with the estimated values of A and z = 2.166. The
inset shows the ratio o7 /7. The solid line within the inset corresponds to the estimated asymptotic limit of
ot/ — 0.895(8). Error bars corresponding to one standard error are shown

Turning to the critical case, Fig. 9 shows the L dependence of nr and o7 for d = 2. The
figure clearly suggests that both w7 /L4 and o7 /L¢ diverge like a power law in L, with the
same exponent. A least squares analysis for 7 produces a power-law exponent 2.168(4),
while an analogous analysis for o7 produces an exponent

27 = 2.166(9). (1.3)

The combination of the figure and the fits lends strong support to Part (ii) of Conjecture 7.1,
that 7 /or approaches a constant as L — 00.

7.4 Variance and Relaxation Time

We now turn attention to Part (iii) of Conjecture 7.1. We first consider the case d = 1, where
the relaxation time can be calculated explicitly. It was shown in [39, Lemma 4] that if the
transition matrix, P, of the Ising heat-bath process (on any graph) has a strictly increasing
eigenfunction, then its eigenvalue is the second-largest eigenvalue, A,. The total magnetiza-
tion .# = Zle w; is clearly strictly increasing. Moreover, on Zy, it is known (see e.g. the
proof of Theorem 15.4 in [35]) that ./ is an eigenfunction of P with eigenvalue

1 — tanh (28)
rB)=1— ——. 7.4
L
This immediately yields the following closed-form expression for the relaxation time on Zp,
(L) = ——— (7.5)
el T T T anh(28) '

Figure 10 compares Monte Carlo estimates of o7 on Zjy with the exact expression for |
given in (7.5). The agreement is clearly excellent, over the entire range of 8 considered, thus
lending strong support to Part (iii) of Conjecture 7.1 in the case d = 1.

We now consider the case d > 1, using analogous arguments to those presented in Sect. 3.3
in the FK setting. Let (X;);cn be a stationary Ising heat-bath process, and define (.#;);cn
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Fig. 10 (Color online) Monte Carlo estimates of o7 /L for the Ising heat-bath process on Z;, with L = 104,
The blue curve corresponds to the exact expression for #]/L given in (7.5). Error bars corresponding to one
standard error are shown

via .4, = . (X;). Although Proposition A.l is stated in the specific context of the FK
heat-bath process, the positive association of the Ising measure (7.1) (see e.g. [19, Theorem
3.31]) implies that the proof of Lemma A.2, and then also the proof of Proposition A.1,
immediately extend to the Ising heat-bath process. It follows that, since the magnetization is
strictly increasing, we have

o (t) ~ Ce e 1 5 o0 (7.6)

for some (parameter dependent) constant C > (. Assuming the validity of Part (iii) of
Conjecture 7.1, it follows from (7.6) that

Inp.z(kor) ~ —Ca(B,d) k (7.7)

as k and L tend to infinity, with C4(8, d) > 0, and with C4(8, d) = /~/6 forall B < ..

For a given time lag 7, we estimated p_y (¢) using the procedure described in Sect. 3.3
for the estimation of p_s () for the FK model. Figure 11 shows the resulting estimates of
p.x# (kor) versus k for d = 2, in the high-temperature regime (left panel) and at criticality
(right panel), for a variety of L values. In both cases, the data collapse evident in the figure
clearly supports the expectation (7.7), and therefore provides direct evidence to support the
conjecture that or ~ C4(B, d) tre]. Moreover, in the high-temperature case, the collapse of
the curves arising from distinct temperature values onto a single curve corresponding to
exp(—kﬂ/\/g), supports the claim that C4(8, d) = 7/+/6 when B < ..

In the critical case, we have no explicit conjecture for the value of C4(8, d). However,
using the critical d = 2 values of fexp reported in [41], we computed the ratios o7 /fexp, which
are reported in Table 4. The first observation to make is that, for the L values considered,
there appears to be extremely weak L dependence; in fact, the size of any L dependence
appears to be smaller than our statistical errors. In particular, this gives direct, independent,
support to the conjectured asymptotic proportionality of o7 and fexp. Furthermore, it suggests
that we have C4 (B, 2) ~ 0.895. It is interesting to note that this constant agrees, within error
bars, with the constant of proportionality relating or to w7, reported in Fig. 9, suggesting
the possibility that ur ~ texp at criticality, at least when d = 2.

Finally, as yet further evidence to support Part (iii) of Conjecture 7.1 in the critical case,
we note that the estimated value of the exponent (7.3), governing o7 at criticality for d = 2,
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Fig. 11 (Color online) Monte Carlo estimates of In p_, (o7 k) for the Ising heat-bath process with d = 2 in
high temperature (left) and at criticality (right). The enclosing filled regions correspond to one standard error

Table 4 Ratios of estimated o

values to the estimated values of L oT /fexp

fexp from [41], for the critical 4 0.895(1)

Ising heat-bath process when

d = 2. Error bars corresponding 5 0.894(3)

to one standard error are shown 6 0.901(3)
7 0.897(3)
8 0.889(3)
9 0.898(4)
10 0.890(3)
11 0.893(3)
12 0.904(3)
13 0.893(3)
14 0.896(4)
15 0.894(3)

agrees, within error bars, with Grassberger’s [23] estimate for the dynamic exponent Zexp, =

2.172(6).

7.5 Limit Law

Figure 12a plots the empirical distribution of the standardized coupling time
S = (T —pr)/or for ahigh-temperature Ising heat-bath process withd = 2 and L = 1024.
The agreement with the Gumbel distribution (2.19) clearly supports Part (iv) of Conjecture 7.1
in the case B < f.. Figure 12b shows the critical case, again with d = 2. The data collapse of
the L = 128 and L = 256 curves strongly supports the claim that § converges in distribution
to a non-degenerate limit, thus supporting Part (iv) of Conjecture 7.1 in the case f = f.
However, it is clear that this limiting distribution is not G (x).
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Fig. 12 (Color online) Histogram of S at high temperature (left) and criticality (right), with parameters as
specified in the figure. Here p(s) denotes the probability density function of S. For comparison, the solid green
line shows the probability density function corresponding to (2.19)
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Appendix A: Autocorrelation Functions of Strictly Increasing Observables

Let P denote the transition matrix of the FK heat-bath process on a finite graph G = (V, E)
with parameters p € (0,1) and ¢ > 1, and let k = 21El To avoid trivialities, we assume
|E| > 1. We regard elements of R¥ as functions from 2% to R, and we endow RF with the
inner product (-, -) defined by

(g, h) =) g(A) h(A) p(A).

ACE

Denote the eigenvalues of P by 1 = A1 > Ay > ... > A;. As mentioned in Sect. 2.2,
general results for heat-bath chains [13] imply that all A; are non-negative. Let { 1//,-}5‘=1 be
an orthonormal basis for R¥ such that 1; is an eigenfunction of P corresponding to A;. The
Perron-Frobenius theorem implies that the eigenspace of 1| is one-dimensional, and that we
can take ¥ (A) = 1 forall A C E. Let W denote the eigenspace of A,. For g € RF, we let
gw denote its projection onto W.

We say g € R¥ is increasing if A C B implies g(A) < g(B), and strictly increasing if
A C B implies g(A) < g(B).

Proposition A.1 Let (X;),en be a stationary FK heat-bath process, and for g € R¥ define
(g1)ren via g¢ := g(X;). If g is strictly increasing, then its autocorrelation function satisfies

cov(go, &)

Ceif/te"l’, t — 00,
var(go)

pg(t) ==

for constant C > 0.

@ Springer



54 A. Collevecchio et al.

Proof Let IT denote the projection matrix onto the space of constant functions. General
arguments (see e.g. [45] or [36, Chap. 9]) imply

k k
cov(go, &) = (g, (P = Ig) =Y (g, v)*A = llgwl®2y + D (g vn)*A.
1=2 [=dim(W)+2

Since g is strictly increasing, Lemma A.2 implies that || gw I? > 0, and therefore
cov(go. g) ~ lgwl*e™"», 1 — oc.
It follows that

”gW ”2 —t/t,
pe(t) ~ VI i/,
¢ var(g)

Lemma A.2 [f g is strictly increasing, then its projection onto W is non-zero.

Proof Lemma A.3 implies there exists 1/ € W which is non-zero and increasing. Positive
association (see e.g. [24, Theorem 3.8 (b)]) then implies that for any other increasing g we
have

(& V) = E@E®W) =0, (A.1)

since E(¥) = (¢, ¥) = 0. In particular, suppose that g is strictly increasing. Choosing
o > 0 so that

g(B) — g(A) > a[y(B) — ¥(A)],  forall AC B CE,
implies that g — ay is also strictly increasing. Applying (A.1) to g — oy then yields
(g—ay,¥) =0.

Rearranging, and using the fact that i is non-zero then implies

(8. V) =z (Y, ¥) > 0.

Therefore, g has a non-zero projection onto ¢ € W, and the stated result follows. O

The following lemma is the natural analogue, in the FK setting, of the result [39, Lemma
3] established for the Ising heat-bath process.

Lemma A.3 There exists € W which is non-zero and increasing.

Proof Let g = Y + C(AN — E(A)), where & € R¥ is defined so that .4 (A) = |A| for
each A C E, and C > 01is a constant. We have

k

g=1+C(A Y)W+ CY (N Y)Y

j=3

If (A4, ¥n) = 0, then g has a non-zero projection onto v, for any choice of C > 0. If
(A, Y2) # 0, then choosing C > [(#, y»)| ™! suffices to guarantee that g again has a
non-zero projection onto . In either case, assume C is so chosen. It follows that gy is
non-zero.

@ Springer



On the Coupling Time of the Heat-Bath Process... 55

If A C B, then

8(B) — g(A) = Y2(B) = ¥2(A) + C[A(B) = A (A)] = min [Y2(B) -y (A)]+C.

=
AC

Therefore, by choosing C > ArrgnE[wz(B) — 1//2(A)]' we guarantee that g is increasing.
CBC

Lemma A.4 then implies that g is increasing. Therefore, ¥/ = gw is an increasing, non-zero

element of W. O

Lemma A.4 [f g is increasing and has zero-mean, then its projection onto W is also increas-

ing.

Proof Let g € RF be any increasing observable with mean zero, and let r € N*. Since
Lemma A.6 implies A, > 0, we can write

Ptg k Al !
S =gw + Z (& Vi) <)T> .
2 I=dim(W)+2 2
It follows that
lim 8 — A2
Am E =gw. (A.2)

Now, for any given r > 1, Lemma A.5 implies that P’g(A) is an increasing function of
A, and so A, "P'g(A) is also an increasing function of A. It then follows, as an elementary
consequence of (A.2), that gy is also increasing. We have therefore established that if g is
an increasing zero-mean function, then its projection gy is also increasing. O

Lemma A.5 If g € R¥ is increasing, then P'g is also increasing, for everyt > 1.

Proof Let (f, &, U) be the random mapping representation for P given in Sect. 2.1; see (2.3).
Let A; C A C E,andlet B; = f(A;, &, U) fori = 1, 2. Clearly, (B;, By) is a coupling
of the distributions P(A1, -) and P(A3, ), and the monotonicity of f implies By € Bs.
Strassen’s theorem (see e.g. [25, Theorem 4.2]) then implies that

Ep4,,)(8) <Ep(a,,9(8)
for any increasing g € R¥. It follows that
(Pg)(A1) = ) P(A1. B)g(B) = Ep(a,.(8)
BCE

<Epa,.)(8) = Y P(A2, B)g(B) = (Pg)(A2).
BCE

Since this holds for any A; C Ay C E, it follows that Pg is increasing. It then follows by a
simple induction that P’g is increasing for any ¢ > 1. O

Lemma A.6 The second-largest eigenvalue of P is positive.

Proof Since P is reversible and irreducible we have the spectral decomposition (see e.g. [35,
Lemma 12.2])

P(A, B)

k
=1 i(A)Yi(B)A;.
o) + ) i(A)Yi(B)

j=2
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Since Ap > A; > O forall j > 2, it follows that if A = 0, then P(A, B) = ¢(B) for all
A, B C E. But since, by assumption, we have |E| > 1, we can choose A, B € E with
|[AAB| > 1, where A denotes symmetric difference, and (2.2) then implies

P(A,B) =0 # ¢(B).

‘We have therefore reached a contradiction, and we conclude that 1, > 0. O

Appendix B: Coupon Collecting

Letn € NT,and let Cy, C,, ... be an iid sequence of uniformly random elements of [n] :=
{1,2,...,n}). Fort € N, we think of C; as the coupon collected at time t. For i € [n], let
D; € [n] denote the ith distinct type of coupon collected; i.e. the ith distinct element of the
sequence Cy, Ca, ....Let S;(¢) :=#{s <t : Cy = D;}, the number of copies of D; collected
by time ¢. Define R; := {c € [n] : C; = c for some s < ¢}, the set of distinct coupon types
collected up to time t. Forany 1 < k < n,let Wy = inf{t € NT : |R,| = k}, and note that W}
is simply the hitting time of Dy. The coupon collector’s time is then defined as W := W,,.
For each ¢ € [n], define

H(c) =sup{t < W:C; =c}.

We refer to the time H (c) as the last visit to c. Let (H;)7_, denote the sequence of the H (c),
arranged in increasing order. In particular, H; is the first time that a last visit occurs.

Lemma B.1 There exists ¢ > 0 such that P(|Ry,| < [Inn]) = O(n™%).

Proof Inserting a, = [In(n)] and ¢, = [In(n)/4] into Lemma B.2 and applying the union
bound, implies

P (U (5:W) < cn}> <Gy exp (=3 1n0n —an) + 57 1)

4

= e In(n) exp (—% In(n) — %111 (1 — ‘;l))

S In(n) n~1/4,

V1 —=1In(n)]/n

Therefore, for any 0 < p < 1/4, we have

i=1

P (U{Si(W) < cn}> =0((n"), n — 0o.

i=1
It follows that,

an

P(Rm| <an) =P <|RH1| < ap, ﬂ{Si(W) > Cn}> +0(n™") B.1)
i=1
Let /] := inf{t € NT : S;(t) = ¢, forsomei € [n]}, the first time that there exists a
coupon type for which exactly ¢, copies have been collected, and define the random variable
K € [n] via Cy, = Dg.If |[Ry| < a,, then 1 < K < a,. Therefore, observing that
Sk (W) = Sk (H;), we find
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P (|RH.| < an, [ JSi(W) > cn}) < P(Rp| < an, Sk (W) > cu)
i=1
= IP](|RH1| < ay, Sk (Hy) > ¢,)
<P(R/| < ay) (B.2)

since if |Ry,| < a, and Sx(H1) > ¢, then |R;| < a,. Combining (B.1) and (B.2) then
implies
P(|Ru, | < an) <P(IR/| < an) +0(n™").

However, Lemma B.3 implies that there exists § > 0 such that P(|R;| < a,) = O(n?). We
therefore conclude that, if ¢ = min{p, 8}, then

P(IRm | < lInn)) = 0(n™).
O

Lemma B.2 Let (a),en+ and (cn)pen+ be any two sequences of natural numbers. For
n € NT, ifa, < n then for each 1 <i < a, we have

P(Si(W) <cu) <exp(—In(vn—an) +c, +1).
Proof Fixn e Nt and 1 <i < a,, and assume a,, < n. Adopting the convention Wy = 0,
for0 < k <n — 1 we define

Wis1—1

Vi) = Y lic;=py)-

j=Wi+1
Since Y; (k) =0 forall k < i, and Cw, = D; iff k =i, we then have

n—1
Si(W) =1+ Yi(h).

k=i

And since the random variables Y; (k) are independent, for any 6 < 0, we have

n—1
P(Si(W) <ca) <P [ Y Yilk) <cn
k=ay,
n—1
=Plexp |0 Yitk) | = e
k=a,
n—1
<exp | —0cn + Z In IE[eGY"(k)] , (B.3)
k=ay

where the final step follows from Markov’s inequality.

The moment generating function of Y; (k) can be calculated explicitly. Leti <k <n —1.
Given Wy and Wi 1, the random variable Y; (k) has binomial distribution with Wy 1 — Wi —1
trials and success probability 1/k, which implies
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E("10) = EE[™ 0| Wy, Wit ])

o 1 Wi 1 —Wi—1
=E|(l—+1—-- .
(5+1-5)

But since Wy41 — Wy has geometric distribution with parameter 1 — k/n, this becomes
n—k

0Yi(k)y _
E(e )_n—k—l—l—ee'

Therefore, setting A = 1 — ¢? and b, = n — a,, it follows from the fact that In(1 + A /k) is
a decreasing function of & that

n—1 by, 2
_ InE(fYi®y — Iml1+Z
Z nE(e ) ; n|l+ P

k=ay
by )\'
> / In (1 + 7> dx
1 X

=Alnb,) + by + ) In(1 +1/by) — (1 4+ 1) In(1 + A)
= Aln(b,) + A — (14 2)In(1 +2)
> Aln(b,) — 1 B.4)

where, in the penultimate step, we used the fact that In(1 4+ x) > x/(1 4+ x) holds for all
x > —1, and in the last step we used the fact that (1 + 1) — (1 + 1) In(1 + 1) > O for any
A € (0, 1). Combining (B.3) and (B.4), we conclude that for all » € (0, 1) we have

P (Si(W) < cn) =exp[—Aln(n —a,) —In(1 — A)e, + D]
Choosing A = 1/2 yields the stated result. O

Lemma B.3 Fix ¢ € (0, 1), and define sequences (a,),cn+ and (cp)p,en+ Such that a, =
[In(n)] and ¢, = |cIn(n)|. Let

I :=inf{r e N" : §;(t) = ¢y for some i € [n]},

the first time that there exists a coupon type for which exactly c, copies have been collected.
Then there exists § > 0 such that

P(R/| < ay) = 0(n™®), n— oo.
Proof We assume, in all that follows, that » is sufficiently large that ¢, > 1. For k € [n], let
Iy = inf{r € NT : Sp(r) = ¢}

be the first time that ¢, copies of coupon type Dy have been collected. For any sequence of
natural numbers (b;,),cn+, We have

P(IRp| < an) = P(IRy| < an, Ik < bp) +P(IRy| < an, I > by)
= PUk = bw) + PRy | < an, Iy > by)
< PUk < bn) + P(Wg,+1 > bp), (B.5)

where the last inequality follows by observing that if R, | < a, and Iy > b,, then W, 1 >
by.
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To find an upper bound for P(/; < b,), note that, for any s > 1, the random time between
the sth and (s + 1)th arrival of coupon type Dy is a geometric random variable with success
probability 1/n. It follows that Ay := I — Wy is a sum of ¢, — 1 independent geometric
random variables,® each with success probability 1/n. Lemma B.4 therefore implies that for
any0 < A <1,

P(Ar < An(cy, — 1)) < e~ fPantfR)

where f (1) > 0. But from the trivial lower bound Wy > 1, it follows that Ay < I — 1.
Therefore, for any b, < An(c, — 1) + 1, we have

P(Ix < by) < P(Ix < An(cy — 1) + 1) < P(Ax < An(ey — 1)) < e /Pati® (B 6)

To find an upper bound for P(W,, 41 > b,), we begin with the observation that, with the
convention Wy = 0, we have

An
Wa, 41 = Y _(Wis1 — Wi).
i=0

For0 <i < ay, the random variables W;; — W; are independent, and distributed according
to a geometric distribution with success probability 1 — i /n. Therefore, Lemma B.4 implies
that for any ¢ > 1

]P)(Wa,,-s—l > ¢ E[Wan+1]) < e*f({)(l*an/n)]E(Wanﬂ)
with f(¢) > 0. But explicit calculation shows that
E(Wan+l) =n(H, — ananfl) ~ dp, n — 00,

where H; is the ith harmonic number, and the asymptotic result follows from H, ~ In(n) and
the fact that a, = o(n). It follows that for any choice of b, > ¢ E(W,,+1) anda € (0, f(¢)),
for sufficiently large n, we have

P(Wa,11 = by) < e, (B.7)

Any choice of b, satisfying ¢ E(W,,+1) < b, < An(c, — 1) + 1, for sufficiently large n,
suffices to ensure (B.6) and (B.7) hold simultaneously. It therefore suffices to set b, = n. For
simplicity, > € (0, 1) and ¢ > 1 can be chosen so that (1) =1 = f(¢). Combining (B.5),
(B.6) and (B.7) then implies that for any « < 1 we have

P(|Ry| < an) < e ntl 4 o an

for sufficiently large n.
Finally, since |R;| < a, implies |R; | < a, for some 1 < k < a,, it follows from the
union bound that, for sufficiently large n,

dan An
P(IR/| < an) <P (U{|R1k| < an}) < S P(RY| < an) < aye !+ ay e
k=1 k=1

< In(m)n + e In(n)n~.

Since ¢, & > 0, we can choose 0 <8 < min{c, «}, and we obtain P(|R;| < a,)=0(®r~%). O

6 Since the time W of the first arrival of Dy is not geometrically distributed, /i is not itself a sum of geometric
random variables.
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Lemma B4 Ler X1, X», ..., X, be independent random variables, such that X; has geo-
metric distribution with success probability p;, and let X = Y ", X;. Then

i=1
P(X <ip) <e PHD vy <1,
P(X > ¢p) <e PO ye >,

where p = E(X) = Z?:l 1/pi, px = min;¢[y pi and f(x) = x — 1 —In(x).

Proof These results can be established, in the standard way, by applying Markov’s inequality

to E(e'X), and using the explicit form for E(e'Xi); see e.g. [31]. O
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