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In a recent letter [Phys. Rev. E 112, L042201 (2025)], we demonstrated the occurrence of
anomalous diffusion, weak chaos, and weak ergodicity breaking in a certain class of time-delayed
feedback systems with linear instantaneous and nonlinear delayed term. This anomalous behavior is
caused by the trapping of chaotic solutions close to nonhyperbolic fixed-point solutions in function
space. In this paper, we extend our previous study, present more detailed insights, and show
surprising new results. We first investigate the case of a constant delay, where the dynamical
behavior during such trapping events can be explained by center manifold theory. In the large-delay
limit, the probability for the trapping events becomes small because of a high effective dimension
of the chaotic phases. As a consequence, anomalous behavior is only observable on very large
time scales. By introducing a periodic modulation of the delay time, trapping events become more
probable with increasing modulation amplitude due to a reduction of the effective dimension and the
occurrence of laminar chaos. For large values of the modulation amplitude, the anomalous behavior
is more complex and the most relevant aspects can be reproduced by a two-dimensional iterated

map and a stochastic model.

I. INTRODUCTION

Chaotic diffusion [IH3] is a purely deterministic but
erratic type of motion typically occurring in nonlinear
dynamical systems exhibiting chaos without any ran-
domness. While the state variable in such systems often
shows normal chaotic diffusion, the appearance of anoma-
lous diffusion - usually defined by a nonlinear increase of
the mean-squared displacement [4} [5] - is of special inter-
est. The mechanisms leading to such anomalous chaotic
diffusion have been intensively investigated and are well
understood for low-dimensional iterated maps [6H8] and
Hamiltonian systems [OHI3]. If one considers dynami-
cal systems with finite reaction and transmission times,
however, the dimension of the problem becomes infinite
and the dynamics have to be described by delay differen-
tial equations [I4} [I5]. Such time-delays naturally occur
in the description of dynamical systems in many con-
texts such as classical electrodynamics (finite propaga-
tion time) [16, I7], population dynamics (time to sexual
maturity) [I8] [19], and epidemiology (incubation time)
[20, 21], to name but a few. Furthermore, they often play
a role in different application areas such as nonlinear op-
tics [22, 23] and engineering [23] 24]. Therefore, delay
systems are of rather fundamental importance. Regard-
ing the occurrence of chaotic diffusion in such infinite-
dimensional systems, only a few such cases have been
reported to date, most of them dealing with normal diffu-
sion [25H35]. There are only two examples where anoma-
lous chaotic diffusion has been observed in the context of
partial differential equations [36][37]. The type of anoma-
lous diffusion reported there and which we also find in
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the present study is subdiffusive. Subdiffusion has been
observed in several systems such as transport of charge
carriers in amorphous semiconductors [38], diffusion of
molecules on the plasma membrane [39, [40], and diffu-
sion on fractal structures like percolation clusters [41] [42].
It is often described by means of stochastic models such
as continuous-time random walks [43], [44] and fractional
Brownian motion [45].

In a previous work [46], some of us reported on the oc-
currence of anomalous chaotic diffusion in systems with
delay for the first time. Moreover, we found weak chaos
[47, [48], i.e., the maximal Lyapunov exponent is equal to
zero, and weak ergodicity breaking [49-51] meaning that
ensemble and time averages do not coincide, where the
latter become random variables. In the present work, we
extend and generalize the results reported in Ref. [46].
For instance, we demonstrate that in the case of a modu-
lated delay with large modulation amplitude, the occur-
rence of the above mentioned anomalous behavior is more
complex than one would naively expect. We are then able
to reduce the complex behavior to such an extent that it
can be described by a two-dimensional iterated map and
a simple stochastic model.

The rest of this paper is organized as follows. In Sec.|[]
we introduce the delay system under consideration in its
most general form. We then start our investigation with
the special case of a constant delay described in Sec. [[TI}
where a more analytical approach is possible using the
theory of the center manifold. We then continue with an
investigation of the more general case of a time-varying
delay in Sec.[[V] A special emphasis lies on the investi-
gation of the maximal Lyapunov exponent in Sec.[V] In
Sec. [VI we focus on the case of a high modulation am-
plitude of the delay and describe the dynamical behavior
with an iterated map in Sec. [VII] and a stochastic model
in Sec. [VITI] A brief summary and conclusion are given

in Sec. X1
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II. DELAY SYSTEM

As in the previous studies [34, 35 [46], the class of
time-delayed feedback systems under consideration is de-
termined by the scalar delay differential equation (DDE)
of the form

(1) = ~a(t) + [GIR(D) M

with a linear instantaneous and a nonlinear delayed term.
The parameter © > 0 specifies the overall time scale and
R(t) is the retarded argument defined by

R(t) =t —T(t). (2)
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which we consider here, a mean delay 7y > 0 is sinu-
soidally modulated with modulation amplitude A > 0.
This choice contains the special case of a constant delay
7(t) = 170 for A = 0. Obviously, the time-varying de-
lay 7(t) has to be positive for every time ¢ meaning that
A < 277y. Because we are interested in the influence of
the strength of the periodic delay modulation, in the fol-
lowing we set the mean delay equal to unity, 7o = 1, and
change the modulation amplitude in the range 0 < A < 1
such that the retarded argument R(t) is monotonically
increasing. The time scale transformation t' = Ot
together with the definition y(t') := z(¢'/©) changes
Eq. into (') = —y(¥') + f(y[t' — O7(t'/O)]) demon-
strating that the case © > 1 is equivalent to the large
delay limit. The latter is typically of particular interest in
the literature [52H63] and is also in the focus of our inves-
tigation. A specific choice of the nonlinear function f(z)
completes the definition of the considered time-delayed
system. Particular examples studied in the literature [64]
include the Mackey-Glass equation, f(z) = px/(1+2°),
[65] and the Tkeda equation, f(z) = psin(z), [22, 52]. In
previous works [34], [35], we used the so-called climbing-
sine nonlinearity f(z) = z — psin(27z) [1] leading to
normal chaotic diffusion. For this choice, the resulting
DDE possesses only unstable hyperbolic fixed-point so-
lutions in function space. In the present work, we want
to develop a deeper understanding of the influence of ad-
ditional unstable nonhyperbolic fixed-point solutions on
the dynamics and especially on the chaotic diffusion. To
do so, we use as a natural extension of the climbing-sine
nonlinearity the so-called double-sine nonlinearity [46]

fu(z) = 2 — p[sin(2rz) + 0.5 sin(47z)], (4)

which shows reflection f,(—z) = —f.(«) and discrete
translational symmetry f,(r £1) = f,(z) £ 1. While
the former excludes the occurrence of an additional drift,
the latter allows the division of the real axis into unit
cells. The resulting time-delayed system, Eqgs. —,

possesses unstable hyperbolic fixed-point solutions at the
integer values of x and especially also unstable nonhy-
perbolic fixed-point solutions at the half integers. To be
more precise, we first perform a linear stability analysis
of these fixed-point solutions in the case of a constant
delay, 7(t) = 790 = 1: We start with the nonhyperbolic
fixed points ¥, (t) = %, = 1/2+n € Z and consider a
slightly perturbed solution of the DDE Z(t) = «¥, +dx(t).
Inserted into Eq. 7 linearized around «7,, and using
fu(@},) = 1, this leads to the linear DDE

1
50(t) = —dx(t) + da(t — ). (5)

The corresponding characteristic equation is given by
A/© = —1 + e~*. One solution of this equation, i.e.,
one stability exponent, is equal to zero, while all the oth-
ers are complex with negative real parts [66]. A cor-
responding calculation for the hyperbolic fixed points
zi(t) = zf = n € Z leads to the characteristic equa-
tion A\/© = —1+ (1 — 4rp)e~>. In the large delay limit
(© > 1), a finite number of the complex solutions have
positive real part while all the others have negative real
part. For the case of time-varying delay, we numeri-
cally find that the largest stability exponent of the non-
hyperbolic fixed points is also equal to zero and for the
hyperbolic fixed points, it also has positive real part.

We want to conclude this section with some general
remarks on the DDE of Eq. . Starting from an ini-
tial function x((t) defined on the time interval (t_; =
R(to), o], the DDE in Eq. can be solved stepwise by
a procedure called the method of steps [67]: By intro-
ducing solution segments x,,(t) defined on state intervals
(tn—1 = R(tn),t,], the solution on the (n + 1)st state
interval can be calculated from the solution on the nth
state interval [55] [68], [69],

Tpg1 (1) = @y (tn)e O 4 t OOt f(z, [R(t)]) dt’.
t’!L
(6)

Because the current state of the delay system is given
by the nth solution segment x,(t), i.e., a function on
the nth state interval, such delay systems are infinite-
dimensional. It is these solution segments that may dif-
fuse in function space but because of their finite variation,
one can reduce the consideration to the diffusive motion
of one component of the solution segments, e.g., the value
in the middle of each solution segment. The solution
z(t) itself can thereby be interpreted as an unbounded
phase variable. For the following numerical simulations,
we solved the DDE in Eq. (I}) by using the two-stage Lo-
batto IIIC method with linear interpolation and step size
At = 0.001 as described in Ref. [70].

III. CONSTANT DELAY: CENTER MANIFOLD

We start our investigation with the simpler case of a
constant delay (A = 0) before later on proceeding to the

time-varying delay from Eq. and Eq. in Sec.



Fig. shows a single numerically determined chaotic
solution of the DDE on a shorter and, in the inset, on
a longer time scale. On the longer scale, one recog-
nizes that turbulent phases, named in accordance to the
term “optical turbulence” in [22], are interrupted by lam-
inar phases of almost constant value [71]. The latter are
caused by the trapping of chaotic solutions close to the
unstable nonhyperbolic fixed-point solutions. Such trap-
ping of chaotic solutions close to regular solutions for
quite a while is a dynamical phenomenon that is espe-
cially known from Hamiltonian systems [72H74]. The
approaching of chaotic solutions to the unstable non-
hyperbolic fixed-point solutions is due to their stabil-
ity exponents having negative real part. The subsequent
slow removal is due to the largest stability exponent be-
ing equal to zero and can be understood in more de-
tail with center manifold theory that will be discussed
later in this section. We studied the observed dynam-
ical behavior statistically and found that the durations
of the turbulent phases follow an exponential distribu-
tion, whereas the distribution of the durations of the
laminar phases is heavy-tailed with exponent consistent
with —3/2 meaning that the mean value of this distribu-
tion diverges. This is illustrated in the upper panel of
Fig.[2l During the turbulent phases, the diffusion is nor-
mal [34], but these phases are interrupted by the laminar
phases, which can be interpreted as waiting times. From
a random-walk point of view, the situation is similar to
the subdiffusive continuous-time random walk (CTRW).
In this model, instantaneous jumps randomly drawn from
a distribution with finite second moment are interrupted
by heavy-tailed distributed waiting times with diverg-
ing mean value. As a consequence, the overall diffusion
process is subdiffusive. However, for our delay system,
this subdiffusion can hardly be seen in the mean-squared
displacement (MSD), which is shown in the lower part
of Fig. @l The reason is that subdiffusion occurs only
asymptotically after a preasymptotic linear increase of
the MSD because of the very large mean value of the dis-
tribution of durations of turbulent phases (here roughly
(A¢) ~ 50000). With the help of the stochastic model
to be discussed in Sec. [VIII] the transition time between
normal and subdiffusion in the MSD can be estimated as
t* =~ ((A;)/+/7)?. For the case shown in Fig. [2] this tran-
sition time is about t* ~ 8 - 108. In general, it is known
[75] that the dimension of our delay system increases lin-
early with ©. Correspondingly, the probability that a
chaotic solution is trapped by an unstable nonhyperbolic
fixed-point solution decreases exponentially with © be-
cause for a trapping event every point in one solution
segment has to come close to the fixed-point solution.
As a consequence, the mean value of the distribution of
chaotic phases increases exponentially with ©. There-
fore, the transition time between normal diffusion and
subdiffusion also increases exponentially with ©, mean-
ing that for larger values of © it is practically impossible
to observe the subdiffusion.

As already mentioned, the underlying explanation for
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FIG. 1. Trapping of a chaotic solution of the DDE of
Eqgs. — for a constant delay (© = 2, 70 = 1, A = 0,
u = 0.9) close to the unstable nonhyperbolic fixed-point so-
lution z}y, () = 0.5 leads to a laminar phase. The black curve
is the numerical solution of the DDE shown on a small time
scale in the main figure and on a larger time scale in the in-
set. The red curve is the approximation obtained by center
manifold theory.
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FIG. 2. The upper main figure and inset show that the dis-
tributions of the durations of laminar phases and turbulent
phases are heavy-tailed and exponential, respectively. The
MSD in the lower part of the figure increases almost linearly
except for the last part, where a slight deviation from the lin-
ear behavior indicates a transition to anomalous subdiffusion.
The simulation parameters are the same as in Fig. [T]



the anomalous behavior are the laminar phases whose
durations follow a distribution with a heavy tail. For
the constant-delay case, this power-law behavior can be
derived analytically using the center manifold theory [14]
T15]. In the following, we present this derivation.

We consider time-delay systems with the structure

#(t) = Las + f(xt), (7)

where the solution z(t) is written in Hale-Krasovskii no-
tation x;(t') := x(¢t +t') with ¢ € R and t' € [—7,0]. The
right-hand side consists of the linear part of the DDE
given by Lx; and the nonlinear part given by f(x¢), which
fulfills f(0) = 0 and (D f)(0) = 0, where D is the deriva-
tive in the underlying function space C. For example,
our DDE from Eq. (1)) with constant delay 7(t) =7 =1
and the nonlinearity from Eq. can be approximated
close to the nonhyperbolic fixed points z}, by

i(t) = Of{—a(t) + a(t — 1) +4r’pulz(t = P}, (8)

where x(t) is the distance to z7,. Eq. can be con-
verted into Eq. (7)) by defining Lay = ©[—x4(0) + 24 (—1)]
and f(z,) = 4Tz (—1)]"

The following theory on the dynamics of time-delay
systems on the center manifold can be found in large
detail in [I4, Chapter 10.2] and in a different form also
in [I5] Chapter IX]. Let us consider the linearization of
Eq. @ around the equilibrium z; = 0, which is given by

Neglecting small and other pathological solutions, the so-
lution space C' can be decomposed as C =U & N § S,
where the spaces U, N, and S are spanned by the eigen-
functions with positive, vanishing, and negative real part
of the stability exponents, respectively. If there are no
exponents with zero real part, the behavior of the non-
linear system, Eq. , is well described close to the equi-
librium by the linear system of Eq. @D A more precise
description is needed if such exponents exist. Then N,
called center subspace, is not empty and a so-called lo-
cal center manifold Wi exists, which is invariant in the
sense that solutions generated from initial functions on
the center manifold evolve on the center manifold. Wi,
is tangential to the center subspace N and therefore can
be expressed by its deviation h from the center subspace,

Wiee NV ={¢+h(¢) | ¢ € NNV}, (10)

where V' is a neighborhood of 0 € C| i.e., a neighborhood
of the equilibrium of Eq. @ and the function A fulfills
h(0) = 0 as well as (Dh)(0) = 0.

The dynamics on the center manifold is obtained by the
projection of Eq. onto the center subspace. To find it
we need the basis @, of the center subspace and the basis
U, of its dual. Then the projection 2 of the solution ;
to the center subspace is given by xl¥ = ®.y(t), where the
time-varying coeflicients y are given by y(t) = (U, x)
and (-, -) is a suitable bilinear form for this problem such

that ®., ¥., and the other eigenfunctions of Eq. @ form

a biorthogonal system with respect to (-,-). The coeffi-
cients y(t) fulfill the ODE
Y =By + Ve(0)f(Pey + h(Pey)), (11)

where the matrix B, fulfills T'(t)®. = ®.eP<! and T'(t) is
the solution operator of the linear system, Eq. @ The
initial value yo = y(0) is given by yo = (¥, ¢), where ¢(t)
is the initial function for Eq. @ Using the definition of
the center manifold, the dynamics on this space is then
given by

xp = Dey(t) + h(Pey(t)). (12)

For our example from Eq. the center subspace is
one-dimensional with basis ®. = 1 and its dual ¥, =
1/(© + 1), where the bilinear form reads

(w@=w@¢®+QKﬁW+Uaﬂwﬁ (13)

Here, we modified the eigenfunctions from Ref. [70]
such that they fit into the mathematical framework in
Ref. [T4]. The matrix B, degenerates to a scalar B, = 0,
which is equal to the only stability exponent with zero
real part. The ODE for the coefficient y(t) reads

ar®uly + h(y)(-1))° (14)

YT o+1

with the initial condition yo = (¥., ) = 1/(0+1)[¢(0)+
C) f£)1 ¢(t') dt'], where ¢ is the initial function for Eq. .
Since we have no exact expression for i, we have to find
an approximation of the ODE, where we use that h(y)
is of third order since (Dh)(0) = 0 and h inherits the
reflectional symmetry of the nonlinear DDE, which is also
used in Ref. [77] for deriving the dynamics on the center
manifold of a similar DDE. Neglecting all terms with a
larger order than three on the right hand side of the ODE
leads to

= @+147r3uy3. (15)

Finally, close to the equilibrium one has

2e(t) = Ce(t)y(t) + h(@ey(t))(t) = De(t)y(t) = y(t).
(16)
Except for the prefactor, this ODE is identical to the
continuous-time approximation of Pomeau-Manneville
like iterated maps in the vicinity of marginally unsta-
ble fixed points [6, B]. From these iterated maps it is
known that the distribution of residence times close to
the marginally unstable fixed points possesses the same
heavy tail as the one we observe for the laminar phases
in our delay system.
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FIG. 3.  Numerical solutions of the DDE (Egs. (1{4)) in the case of a modulated delay for three different values of the

modulation amplitude (A = 0.3,0.6,0.9 from left to right) show an increase of the fraction of plateau phases (consisting of

doubly-laminar and chaotic-laminar phases) as the modulation
a smaller time scale and the insets on a larger time scale (© =

IV. MODULATED DELAY: ANOMALOUS
BEHAVIOR

In this section, we consider the more general case of
the modulated delay from Egs. and ([3) with 7p = 1
and 0 < A < 1. Our goal is to study the influence of
the modulation of the delay time on the occurrence of
anomalous chaotic diffusion. Similar to the case of the
constant delay, we first consider some numerical solutions
of the DDE, which are shown in Fig. [3] for different val-
ues of the modulation amplitude A. For a smaller value
of the modulation amplitude (A 0.3), the depicted
solution entirely consists of a turbulent phase. For an
intermediate value (A = 0.6), one recognizes a switch-
ing between turbulent phases and plateau phases. The
latter are characterized by a sequence of nearly constant
plateaus interrupted by irregular bursts [78]. For a larger
value of the modulation amplitude (A = 0.9), the shown
solution completely consists of a plateau phase. In order
to understand the emergence of these plateau phases, we
have to recall the basic principles of the so-called laminar
chaos [68], 69] [79] [80]:

The DDE in Eq. represents a feedback loop, where
a delayed signal is frequency modulated for A > 0, trans-
formed by the nonlinearity f(z) which, interpreted as
an iterated map ' = f(x), can in general be (weakly)
chaotic with Lyapunov exponent Ay > 0, and low-pass
filtered with cutoff frequency ©. The DDE can show two
types of chaos depending on the parameters of the delay:
Conservative delays [81] [82], where the so-called access
map ¢ = R(t) has zero Lyapunov exponent (Ar = 0),
are equivalent to constant delays (A = 0, no frequency
modulation) and lead to turbulent chaos with strong fluc-
tuations due to the chaos generating map 2’ = f(z).
Dissipative delays [81] [82], where the access map has a
negative Lyapunov exponent (Arp < 0), are not equiva-
lent to constant delays and the corresponding frequency
modulation of the delayed signal can compensate the
strong fluctuations generated by the nonlinearity lead-
ing to low-dimensional (generalized) laminar chaos with

amplitude is increased. The main figures show the solutions on
50, 0 = 1, p = 0.9).

low-frequency phases (the plateaus in Fig. . A neces-
sary condition for laminar chaos is that the stretching of
the solution on the time axis due to the retarded argu-
ment R(t) is stronger than the stretching of the solution
in coordinate direction due to the nonlinearity f(z). Ex-
pressed with formulas, this means that we must have
Ar + Ay < 0 in this case [68].

For our modulated delay from Egs. and with
79 = 1 and 0 < A < 1, the Lyapunov exponent
Ar = In(1 — A) depends on the modulation amplitude
A. For the Lyapunov exponent Ay, the situation is more
complex. The iterated map 2’ = f,(z) corresponding
to the double-sine nonlinearity from Eq. — which in
the following we refer to as the double-sine map — shows
weak chaos (A; = 0) due to the existence of marginally
unstable fixed points z* = 1/2 +n € Z with f}(z*) =1
at the half-integers. Therefore, the above mentioned con-
dition for laminar chaos is satisfied for every A > 0 and
one would expect laminar chaos for every A > 0. How-
ever, according to the numerical solutions of the DDE in
Fig.|3| this is not the case. The double-sine map belongs
to the class of Pomeau-Maneville maps [83H85], which are
known for the occurrence of intermittency and 1/ f noise
due to very long residence times close to marginally un-
stable fixed points. The corresponding distribution 1 (6)
of these residence times can be inferred from the asymp-
totic behavior of the map close to the fixed points z* [6]
which in our case is given by f,(z) ~ z 4+ 4m3u(z — z*)3
resulting in ¢(8) ~ 6=3/2. The mean value of this distri-
bution, i.e., the mean residence time, diverges. Due to
the lack of a finite characteristic time scale, the dynamics
becomes nonstationary and shows weak ergodicity break-
ing. The latter implies that time-averaged quantities,
such as the Lyapunov exponent Ay, remain random vari-
ables and follow a broad distribution even in the limit
of an infinite measurement time [47, [48]. Between the
residence times, the dynamics is more chaotic and a cor-
responding short-time Lyapunov exponent is positive and
may violate the condition for laminar chaos. This may
lead to a switching between plateau and turbulent phases
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FIG. 4.  The mean fraction x(T") of plateau phases (red

squares) increases from zero to one under a variation of
the amplitude A of the delay modulation and strongly de-
pends on the observation time 7 as shown in the inset
(T =10%,10*,10°,10° from bottom to top). The diffusion ex-
ponent «(T") obtained from the EASD (green triangles) shows
a corresponding transition: if the fraction x(T) is close to
zero, the diffusion exponent «(7’) is roughly unity indicating
normal diffusion and if x(T") is close to one, (T is roughly
one half indicating subdiffusion. The diffusion exponent from
the EATASD (blue circles) is always roughly equal to unity
implying a nonequivalence of ensemble and time averages if
x(T) deviates from zero (same parameters as in Fig. [3).

as can be seen in the numerical solutions of the DDE in
Fig.|3| (b). For increasing values of the modulation ampli-
tude A, the Lyapunov exponent Ar = In(1 — A) becomes
more negative such that the condition for laminar chaos
can be satisfied more easily. Correspondingly, the mean
fraction of plateau phases in the numerical solutions of
the DDE increases with increasing modulation amplitude
A as can be seen in Fig. 4l Additionally, due to the non-
stationarity of the problem, this fraction also depends
on the observation time 7" that is shown in the inset of
Fig. [

As a next step, we want to relate the occurrence of the
plateau phases to the appearance of anomalous chaotic
diffusion. In order to characterize diffusion processes in
general, one typically considers the asymptotic time de-
pendence of the mean-squared displacement (MSD). The
latter can be defined as an ensemble or a time average.
The ensemble-averaged squared displacement (EASD)
(Az%(t))g = ([z(t) — 2(0)]*)g ~ t typically increases
according to a power law with the diffusion exponent «.
The time-averaged squared displacement (TASD) is de-
fined by (Az2(t))r == 1/(T—t) i ~‘[a(t' +t) —z(¢')]2 At/
and is a random variable for every finite T'. Therefore, we
consider its ensemble average (EATASD) ((Az2(t))1)E.
The diffusion exponents extracted from both kinds of
MSDs are shown in Fig. [d] as a function of the modu-
lation amplitude A. For the EASD, we observe a tran-
sition from normal diffusion (« &~ 1) at low modulation
amplitudes to subdiffusion (« ~ 1/2) for larger modula-
tion amplitudes. This transition seems to be related to

the mean fraction of plateau phases. From the theory of
laminar chaos [68 [69], it is known that the heights of the
plateaus are mapped from one plateau to the successive
one by the action of the nonlinearity f,(z). This means
that the dynamics of the plateau heights is determined
by the double-sine map. Correspondingly, plateau phases
can be divided into doubly-laminar phases, which are re-
lated to the long residence times close to the marginally
unstable fixed points, and chaotic-laminar phases related
to the chaotic transitions between these residence times,
see Fig. [3| (b) and (¢). The corresponding distributions
of the durations of these phases can be inferred from the
map dynamics. It turns out that while the distribution
1¥a1(0) of doubly-laminar phase durations is heavy-tailed
with thq(8) ~ 6~3/2, the distribution ¢ (8) of chaotic-
laminar phase durations decays exponentially. The dy-
namics of the double-sine map can be considered on
unit cells because of the discrete translational symme-
try fu(x£1) = f,(z) £1 of the underlying nonlinearity.
Chaotic diffusion occurs for the double-sine map because
each unit cell contains two ranges that map to the left
and right adjacent cell, respectively, with equal probabil-
ity due to the reflection symmetry f,(—z) = —f.(z) [1].
Moreover, the chaotic diffusion becomes subdiffusive due
to the long residence times close to the marginally un-
stable fixed points in the center of each cell [6]. This
dynamical behavior can be modeled by a subdiffusive
continuous-time random walk (CTRW) with instanta-
neous jumps and waiting times that are randomly drawn
from a distribution 1(8) ~ =1 with a heavy tail [7].
In this model, the diffusion exponent obtained from the
EASD is equal to «, whereas the diffusion exponent de-
termined from the EATASD is always equal to unity
[50, BI]. This different scaling behavior of ensemble and
time averages although the full state space is accessible
is typically referred to as weak ergodicity breaking [49].
The dynamics of the double-sine map is reflected in the
delay system in the case of laminar chaos. For small
values of the modulation amplitude A, the mean frac-
tion of plateau phases is equal to zero indicating that
only turbulent chaos is present, which is known to lead
to normal diffusion [34]. For large values of the modu-
lation amplitude A, the mean fraction of plateau phases
is close to unity indicating that laminar chaos prevails.
Because the dynamics of the heights of the plateaus is
governed by the double-sine map, one finds subdiffusion
with o &~ 1/2. For intermediate values of the modula-
tion amplitude A, one observes a transition from normal
to anomalous subdiffusion corresponding to the transi-
tion of the mean fraction of plateau phases from pure
turbulent chaos to pure laminar chaos. The diffusion ex-
ponents obtained from the EATASD are all equal to one,
demonstrating that also the weak nonergodicity of the
double-sine map is reflected in the delay system.

The dependence of the fraction of plateau phases on
the modulation amplitude A is also related to the re-
turn maps depicted in Fig. |5} These maps show the de-
pendence of the solution value in the middle of a state
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FIG. 5. Return maps obtained by sampling trajectories in the middle of each state interval (at the attractive fixed points ¢;, of
R(t)+1) and plotting the dependence of two successive values z(t;, 1) and z(t;,) for different values of the modulation amplitude
A (A=0.3,0.5,0.6,0.7,0.9 from left to right). At first glance, for larger values of A (where laminar chaos prevails), the return
maps reproduce the double-sine map especially in the vicinity of the marginally unstable fixed point (upper row), but on a
finer scale by plotting the deviations from this iterated map in the lower row, one recognizes multiple branches (unperturbed
and perturbed ones). For decreasing values of A, the return maps become more and more fuzzy (same parameters as in Fig. [3]).
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FIG. 6. The effective dimension of the chaotic phases (tur-

bulent and chaotic laminar) as measured by their Kaplan-
Yorke dimension Dl(gg (red squares) decreases quickly to zero
for increasing values of the modulation amplitude A. The
ensemble-averaged maximal finite-time Lyapunov exponent
(Amax(T))E (small black dots) shows a similar transition as
the mean fraction of plateau phases shown in Fig. |[4] under
a variation of A. A comparison with the contribution of the
chaotic phases to the maximal finite-time Lyapunov exponent
(grey dots) reveals that the irregular behavior for intermedi-
ate A is caused by the contribution from the doubly-laminar
phases (see text).

interval on the corresponding value in the previous inter-
val. For large values of A, where laminar chaos prevails,
the return maps reproduce the graph of the double-sine
map because the latter determines the dynamics of the
plateau heights. For decreasing values of A, this graph
is increasingly blurred. The reason for the blurring is
the increasing fraction of turbulent phases between the
plateau phases which cannot be described by a simple
one-dimensional iterated map.

We are also interested in the fractal dimension of the
chaotic phases between the doubly-laminar phases, which

can be measured by their Kaplan-Yorke dimension (see
Fig@ [86]. The decaying dimension of the chaotic phases
increases their probability of being captured by the non-
hyperbolic fixed-point solutions for increasing values of
A.

The increasing fraction of plateau phases is also re-
flected in the maximal finite-time Lyapunov exponent of
the delay system, which goes to zero as the modulation
amplitude increases (see Fig. @ As a consequence, the
delay system is weakly chaotic for large values of A. How-
ever, the approach to zero is very irregular, which will be
discussed in more detail in the next section.

V. IRREGULAR BEHAVIOR OF THE
LYAPUNOV EXPONENT AND BURST
DYNAMICS

In order to understand the irregular behavior of
the ensemble-averaged maximal finite-time Lyapunov
exponent (Amax(T))E, we express it as Apmax(T) =
NOMACNT) + (1 = X OTNAENT), where AO)(T)
and )\(L)(T) are the Lyapunov exponents of the
chaotic (turbulent and chaotic-laminar) and doubly-
laminar phases, respectively, and x(¢) is the fraction
of the chaotic phases. In Fig. the contribution
NOTNOTY) ~ ((OT)NACT)) of only the
chaotic phases (grey dots) to the ensemble-averaged max-
imal finite-time Lyapunov exponent (Amax(T))g (black
dots) is shown as a function of A. In contrast to the
overall Lyapunov exponent, the curve is very regular,
which leads to the conclusion that the irregular behavior
is caused by the doubly-laminar phases. In detail, the
irregular behavior of the Lyapunov exponent for inter-
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FIG. 7.  Coexistence of different burst dynamics: Return
maps of snapshots of the bursts between the plateaus for two
doubly-laminar phases show chaotic (black dots, max. expan-
sion rate )\LL) ~ 0.261, Kaplan-Yorke dimension: D%ﬂk =
2.63) and periodic (red crosses, )\,(j> ~ 0.002, Di(@ W ~ 1.01)
burst dynamics. We set A = 0.74, where the return maps were
generated from 50000 (chaotic) and 1000 (periodic) bursts and
the other quantities were computed from the whole doubly-
laminar phase.

mediate values of A can be explained by the dynamics
of the bursts in the doubly-laminar phases, where stable
(nearly) periodic and chaotic burst dynamics is observed.
These two types of dynamics are illustrated in Fig.
where return maps for two doubly-laminar phases of one
trajectory for a fixed parameter set are shown. The re-
turn maps are generated from snapshots of the bursts as
follows. From the theory of laminar chaos [68] [69], we
know that the bursts are located at the unstable fixed
points ¢, of R(t) + 1. The value of the solution segment
Zn(t) with ¢ = t* is the height of the plateau before
the burst at ¢, where the ¢}, are the stable fixed points
of R(t) + 1. Due to the asymmetric kernel of the so-
lution operator of Eq. (6) with width 1/©, the bursts
begin at the ¢, and are of a width of the order of 1/©.
Therefore, snapshots of the bursts can be generated by
sampling the time series x(t) at t = t,, + 1/0. Subtract-
ing the plateau values z(t}) removes the drift inside the
doubly-laminar phases and the height difference between
different doubly-laminar phases, which allows the com-
putation of bounded return maps and a comparison of
the burst dynamics of different doubly-laminar phases,
respectively.

We analyze the influence of the burst dynamics via
two quantities. The influence of a single doubly-laminar

phase can be quantified by the expansion rate )\,(CL) =

8

'y,(cL) / 5}(€L), which is the growth rate from the growth ex-

ponent 'Y](CL)

side the kth doubly-laminar phase with duration 6,(CL). As

illustrated in Fig. together with values )\,(CL) given in the
caption, chaotic burst dynamics is associated with posi-
tive expansion rates )\,(ﬂL) and thus increases the overall
Lyapunov exponent in contrast to stable periodic burst
dynamics, where we have /\ECL) ~ 0. The second quan-
tity is motivated by the fact that chaotic and periodic
burst dynamics both can appear within a single time
series so that the burst dynamics and the expansion

of the dominating Lyapunov vector xy(t) in-

rate )\g“) change from doubly-laminar phase to doubly-
laminar phase. We therefore consider the fraction ¥ (7'
of chaotic burst dynamics and write the finite-time Lya-
punov exponent A(X)(T) of the doubly-laminar phases in
a time series of length T' as

1 J(T)—1
(L) o (L,cb)
7=0
1 M(T)-1
_ - (L,pb)
+ (1 \IJ(T))A(L,pb) (T) ZO Tm )

(17)

where AZP)(T) (AEPP)(T)) and 7™ (7PP), re-
spectively, are the sum of all durations of doubly-
laminar phases and the growth exponents of the domi-
nating Lyapunov vector inside the doubly-laminar phases
with chaotic (periodic) burst dynamics. The fraction
W(T) is then given by W(T) = AL)(T) /[AT<P)(T) +
ALPPY(TY] To classify the burst dynamics, we com-
puted the expansion rates of the first three dominat-
ing Lyapunov vectors inside each doubly-laminar phase
of an ensemble of 1024 time series of length 7' = 10°
using a generalized version of the method discussed in
Ref. [75] with an integration step size of At = 0.001.
Considering these expansion rates as finite-time Lya-
punov spectrum inside the kth doubly-laminar phase, we
computed the Kaplan-Yorke dimension Dl(égk for each
phase and classified the burst dynamics as chaotic if we
have DI((L\;k > 2, otherwise periodic burst dynamics is
assumed. The resulting ensemble average (U(T))g of
the fraction of chaotic burst dynamics is shown together
with the ensemble-averaged finite-time Lyapunov expo-
nent (\X)(T)) g of the doubly-laminar phases as a func-
tion of A in Fig. |8 where A(*)(T") determines the con-
tribution of these phases to the overall maximum Lya-
punov exponent. We find a strong positive correlation
indicating that the irregular behavior of the burst dy-
namics under variation of A causes the irregular behavior
of (Amax(T)) g observed in Fig. [6]
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FIG. 8. Chaotic burst dynamics lead to positive contribu-
tions to the maximum Lyapunov exponent: The maximum
finite-time Lyapunov exponent of the doubly-laminar phases
(black dots) shows positive correlation with the fraction of
bursts with chaotic dynamics (red squares). In the excluded
A range, no doubly-laminar phases were observed.

VI. ANOMALOUS BEHAVIOR FOR LARGE
MODULATION AMPLITUDES

The appearance of anomalous chaotic diffusion in our
delay system is partially more complex than one would
naively expect. For larger values of the modulation
amplitude A, the distribution 4(6) of doubly-laminar
phases consists of a preasymptotic heavy tail with an ex-
ponential cutoff and an asymptotic heavy tail with the
same exponent (see Fig. El top). This distribution de-
termines the time dependence of the EASD. The latter
first increases with a power law related to the preasymp-
totic heavy tail in 14,(0) followed by a linear increase due
to the exponential cutoff of this heavy tail. Asymptot-
ically, one finds subdiffusion related to the asymptotic
heavy tail in the distribution of doubly-laminar phases
(see Fig. El bottom). This behavior can be explained by
the return maps in Fig. |5} which visualize the dependence
of the solution value in the middle of a state interval
on the corresponding value in the previous interval. At
first glance, the return map in (e) reproduces the double-
sine map 2’ = f,(z), but if one considers the deviations
from this map in the vicinity of the marginally unstable
fixed point, see Fig. [5[(j), one recognizes essentially three
branches (one unperturbed and two perturbed ones). For
the perturbed branches, the plateaus are mapped by a
slightly perturbed double-sine map &’ = f,(z) + ¢ which
is responsible for the preasymptotic heavy tail in the dis-
tribution 14;(0) that shows an exponential cutoff. For
the unperturbed branch, the plateaus follow exactly the
double-sine map, which is responsible for the asymptotic
heavy tail and, therefore, for the asymptotic anomalous
diffusion. In the next section, we will show that this
kind of dynamical behavior can be reproduced by a two-
dimensional iterated map. Furthermore, an appropriate
stochastic model consisting of exponentially distributed
phases of normal diffusion interrupted by waiting times
distributed according to 1q;(0) is also able to reproduce
these results and will be discussed in the section after
next. Additionally, in the Supplemental Material, we
provide an animation, which visualizes this kind of dy-
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FIG. 9. For larger values of A (here A = 0.98), the dis-
tribution ta1(d) of doubly-laminar phases (red circles, upper
part) possesses an exponential transition from a preasymp-
totic heavy tail to an asymptotic one with the same expo-
nent. Correspondingly, the EASD (Az?(t))g (red circles,
lower part) shows a transition from subdiffusion to normal
diffusion and finally to asymptotic subdiffusion. These nu-
merical results obtained from the DDE (Egs. (1{4)) can be
very well reproduced by the two-dimensional iterated map

from Eq. .
namics.

VII. ITERATED MAP

In order to obtain a deeper understanding of the nu-
merical results from Fig. [0] we introduce a purely deter-
ministic, two-dimensional iterated map, which captures
the essential ingredients of the underlying DDE dynamics
and is defined by

Tep1 = ful@e) + Oy —p/2) +O(ye +p/2) = 1) - ¢

Yro1 = Y + (0(0.4 — &) + O(Z4 — 0.6)) x
x (3(y: +0.5) mod 1 — 0.5 —y),
(18)

where f,(x) is the double-sine nonlinearity from Eq. ,
Z; denotes the corresponding coordinate variable re-
stricted to the unit cell, i.e., & = x; mod 1, and ©(x)
is the standard Heaviside step function. This two-
dimensional map is visualized in Fig. where for the
sake of a better illustration the parameters are partially
set to different values than the ones later used for a com-
parison with the DDE (u = 0.9, p = 0.2, and € = 0.2).
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FIG. 10.  The left figure shows that the first part of the two-dimensional iterated map, Eq. , effectively consists of
three one-dimensional mappings, namely the pure double-sine map 1 = fu(z:) and two slightly disturbed double-sine maps
Zt+1 = fu(x¢) £ € depending on the value of the second variable y¢. The dynamics of y; is given by the second part of the
two-dimenional iterated map shown in the right figure. It is the identity yi:+1 = y: if &+ is close to the marginally unstable
fixed point of the double-sine map, i.e., (0.4 < &+ < 0.6), therefore fixing the one-dimensional mapping in the left figure during
the laminar phases. Outside the vicinity of this fixed point, y; follows a chaotic dynamics, namely a modified Bernoulli shift
ye+1 = 3(y+ + 0.5) mod 1 — 0.5, leading to an alternation between the one-dimensional mappings. The Bernoulli shift has a
uniform invariant density on the interval [—0.5,0.5], and therefore, the parameter p in Eq. sets the probability for the

iteration of the unperturbed double-sine map.

The two-dimensional iterated map takes into account
the dynamics of the pure double-sine map z;41 = f, ()
and the two slightly perturbed double-sine maps x4 =
fu(x¢) £ € as well as the chaotic switching between these
maps via the auxiliary variable y; (see the caption of
Fig. for a detailed explanation of the map). In or-
der to compare numerical results obtained from this map
with the numerical results of the DDE, we have to deter-
mine the parameters p and . The parameter ¢ = 2-107°
can directly be inferred from the corresponding return
map. In order to find the parameter p, we approxi-
mate the distribution ¢qi(5) from Fig. [o] by two power
laws. While the preasymptotic heavy tail can be ap-
proximated by 0.68 x 6=3/2, the asymptotic heavy tail
is well described by 0.02 x §73/2. The relative weight
of the asymptotic heavy tail determines the parameter
p ~ 0.02/(0.68 + 0.02) ~ 0.028. With these parameter
values, the two-dimensional map can be iterated in order
to generate trajectories. We are interested in the distri-
bution ¥(9) of the durations of laminar phases, defined
as the number of successive iterations inside the vicinity
of the marginally unstable fixed points, and the mean-
squared displacement. For the parameter choice u = 0.9,
p=0.028, and € = 2- 1075, we obtain the numerical re-
sults shown in Fig.[J] We can see a very good agreement
with the numerically determined data from the corre-
sponding DDE. Therefore, it turns out that the dynam-
ics of the unperturbed and perturbed double-sine maps
with the correct relative weight are sufficient to explain
the observed behavior from the previous section.

VIII. STOCHASTIC MODEL

The purpose of the following section is to demonstrate
that the distributions of the chaotic-laminar phases and
the doubly-laminar phases in the solutions of the DDE
determine the time dependence of the mean-squared
displacement (MSD). In order to do so, we consider
a stochastic model which consists of a Wiener process
which is interrupted at random times by waiting times
of random duration (see Fig. . As in the well-known
continuous-time random walk (CTRW) model, the pro-
cess starts with a random waiting time A},. The sub-
script “dl” indicates that the waiting times shall model
the doubly-laminar phases. In contrast to the CTRW,
the random waiting time is not followed by an instanta-
neous jump but by a Wiener process of random duration
Al}, which models a chaotic-laminar “cl” phase. The
process is then renewed. We assume that the random
durations A!; and A%, are independent and identically
distributed random variables drawn from the probabil-
ity distributions ¢ (d) and 1q)(d), respectively. We first
characterize the Wiener process and make assumptions
on the involved probability distributions and then ana-
lytically derive the resulting MSD.

We denote by v (x,t) the probability density for the
occurrence of a Wiener process of duration ¢ and of spa-
tial distance x between the start point and the end point
of the process,
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FIG. 11. The stochastic model is a two-state stochastic

process alternating between sequences of Wiener processes,
whose random durations A?, are exponentially distributed
according to ¥ (), and random waiting times AY; following
the asymptotically heavy-tailed probability density 1a1(d) de-
scribed in the main text.

Here, W(z|t) is the propagator of the Wiener process,

! e ( v > (20)

«p [ — 2

VoDt P\ 2Dt
with diffusion coefficient D and we assume that the ran-

dom duration of the Wiener process is drawn from an
exponential distribution,

W (zft) =

Ya(6) = Ae 0, (21)

For the analytical treatment, we further need the proba-
bility W (z,t) to cover a spatial distance x in time ¢ with
a Wiener process that is longer than ¢,

Va(z,t) = W(x|t) /too Ya(0)dd = %wd(x,t). (22)

In order to model the doubly-laminar phases, we assume
that the corresponding distribution 1q;(¢) can be written
as a superposition

Yai(t) = wepe(t) + worbo(t) (23)

of a heavy-tailed distribution 1. (t) with exponential cut-
off and a pure heavy-tailed distribution g(t),

do(t) =~ (t+1)77h (24)

The probability W4;(¢) for the occurence of a waiting time
longer that ¢ is determined by

Uy (t) = / ~ (8 do. (25)

With these definitions, we can find an analytical ex-
pression for the propagator p(z,t), the probability den-
sity to be at spatial position x at time ¢. From investiga-
tions of similar two-state models in the literature such as
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Lévy walks with rests [87] or a two-state model alternat-
ing between a CTRW and a Lévy walk [88], we obtain
the Fourier and Laplace transform of the propagator,

_ Yai(s) +Ya(s) Ya(k, s)
1 —vai(s) Ya(k,s)

Here, we apply the widely used notation that the vari-
ables (z,t) or (k, s) indicate the space we are working in.
The Laplace transform of the MSD can then be obtained
by differentiation with respect to k because the Fourier
transform of the propagator is a moment-generating func-
tion,

p(k,s) (26)

2
(Ax2(5)>E = / xzp(x,s) dr = — %p(l@s)

R k=0

_ Yai(s) Yg(k =0,5)
L —vai(s) va(s)
[Wai(s) + vai(s) V()] Yai(s) P2 (k = 0,s)
[1— ar(s) Ya(s)]?

(27)

In order to derive the asymptotic long-time behavior of
the MSD, we need the small s and k expansion of the
involved distributions. The Laplace transform of the ex-
ponential distribution (¢) can be easily calculated

A ~1-2

vals) = 575 )

(s — 0). (28)

Similarly, we obtain the Fourier and Laplace transform
of the distribution ¥ (z,t),

A s Dk?

all,s) = ——— ~ 1220 0,k — 0).
e (k, s) s D T o (s — —0)
(29)

For W (k,s), we get

1 1 s  DEk?

Ualk,s)=—— - (1222 ) (30
1k #) A+ s+ DB A( A QA) (30

Because the heavy-tailed distribution v.(t) has an expo-
nential cutoff and, therefore, a finite mean value (T), the
small s behavior can be written as

Ye(s) 21— (T)s

The small s expansion of the pure heavy-tailed distribu-
tion o (t) is given by

(s — 0). (31)

Po(s) 21 —-T(1 —7)s” — s (s—0). (32)

v—1

With these results, we obtain the small s behavior of the
full distribution tq(t),

wo
v—1

Yar(s) 21 —wel(1 —v)s” — <w6<TE> + ) s, (33)



and for Uy (s), we get

Pai(s) = %dl(s)- (34)
In the following, we use these asymptotics in Eq. in
order to obtain the MSD. An asymptotic analysis shows,
that the second term in Eq. dominates. This can
easily be seen, for instance, from the denominator, which
goes to zero for s — 0 and is squared in the second
term but not in the first term. The second derivative
—yh(k = 0,s) = D/X is equal to the second moment
of the distances covered by a single Wiener process se-
quence. This formula has an intuitive explanation. The
second moment of the propagator W (z|t) of the Wiener
process is equal to D - t. By setting ¢ equal to the mean
duration 1/X of the Wiener process sequences, one ob-
tains the above result. For the following determination
of the dominant term, we have to be careful whether we
are interested in the asymptotic or preasymptotic behav-
ior of the MSD,

st .
D | wor(i—)> §&K s
<A$2(8)>E =~ " s:{z % (35)
we(Te)+ -0 + 37 s> s
where
I'(1 - 1/(1=7)
s — wo ( 'y) ' (36)

w€<T€> +wo/(y—1)+ 1/)‘

Correspondingly, by an inverse Laplace transform of
Eq. , we obtain our final result in the time domain,

tY *
D | sra=ra=y t>1
<Al‘2(t)>E ~ X wol'(1 :) (1+7) . . (37)
we(Te)+5%+5 <
where
. 71F -1 1/\ 1/(1=v)

wol'(1 — )

We now want to compare these formulas with the nu-
merically determined MSD for our DDE in Fig. [0l Spe-
cific values for the parameters of the stochastic model
can be inferred from the numerically determined dis-
tributions of chaotic-laminar phases and doubly-laminar
phases, v ~ 1/2, we = 0.96, wg ~ 0.04, (T.) ~ 124.4,
1/A = 19.2, and D/XA ~ 15.8. A comparison of the
analytical results in Eq. with the MSD obtained
from the numerical solutions of our DDE is given in
Fig. We can see a very good agreement. The “tran-
sition point” t* between the asymptotic subdiffusion and
the preasymptotic normal diffusion can be estimated by
Eq. resulting in t* ~ 3.8 - 106.

As a final point of discussion, we want to mention that
the analytical results in Eq. have interesting phys-
ical interpretations. As indicated in the text above, if
one would replace the sequences of Wiener processes by
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FIG. 12. The analytic asymptotic subdiffusive and

preasymptotic normal diffusive behavior obtained from the
MSD of the stochastic model in Eq. agrees very well
with numerical data from the DDE.

instantaneous jumps, the prefactor D/A could be inter-
preteted as the second moment of these jumps. Accord-
ingly, the asymptotic subdiffusive behavior in the first
line of Eq. (37)) is exactly the result, one would obtain
from the subdiffusive CTRW. The subdiffusive behav-
ior is caused by the divergence of the time scale of the
doubly-laminar phases such that in this case the expon-
tially distributed durations of the chaotic-laminar phases
can be neglected. For the preasymptotic normal diffusive
behavior this is, however, not the case. In this case, we
are dealing with two (finite) time scales: the durations of
the doubly-laminar phases and the mean duration of the
chaotic-laminar phases modeled by the Wiener process.
From the normal random walk theory, it is known that
the normal diffusion coefficient is given by the second
moment of jumps divided by the mean duration between
these jumps [89]. The prefactor D/ can be interpreted
as the second moment and the denominator in the sec-
ond line of Eq. is the sum of the mean durations
of chaotic-laminar and doubly-laminar phases, so in this
case, the sequences of Wiener processes cannot be re-
placed by instantaneous jumps.

IX. SUMMARY AND CONCLUSION

In this work, we have investigated a certain class of
time-delayed feedback systems with linear instantaneous
and nonlinear delayed term for constant delay and modu-
lated delay. If the nonlinearity is chosen such that the re-
sulting dynamical system possesses nonhyperbolic fixed-
point solutions, anomalous behavior such as anomalous
diffusion, weak chaos, and weak ergodicty breaking can
be found. In the constant delay case, the observation of
these phenomena is intricate because of the high dimen-
sion of the turbulent phases that reduces their probability
of being trapped by the nonhyperbolic fixed points. Once
captured, the following slow escape from these fixed-



point solutions can be described by center manifold the-
ory and explains the emergence of residence time statis-
tics with a diverging mean. With the introduction of
a slight modulation of the delay and the emergence of
low-dimensional laminar chaos, this probability drasti-
cally increases leading to an observation of the anoma-
lous behavior already on short time scales. For larger
modulation amplitudes, residence time statistics is not
just described by a single power law leading to a non-
trivial scaling of the mean-squared displacement. This
more complex type of dynamical behavior could be re-
produced by a two-dimensional iterated map. The rela-
tion between the nontrivial residence time statistics and
the MSD could be derived analytically with the help of
a stochastic model.

The results reported in this paper are general in the
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sense that they only depend on the occurrence of the
nonhyperbolic fixed-point solutions in this class of delay
systems. The responsible nonlinearities of the Pomeau-
Manneville type are numerous and well known in litera-
ture [6H8]. A possible generalization could be achieved by
“transporting” nonhyperbolic fixed-point solutions well
known from the study of iterated maps [7, 87, [90] possi-
bly leading to Lévy walks in function space.
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