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We study sample-to-sample fluctuations in a critical two-dimensional Ising model with quenched
random ferromagnetic couplings. Using replica calculations in the renormalization group framework
we derive explicit expressions for the probability distribution function of the critical internal energy
and for the specific heat fluctuations. It is shown that the disorder distribution of internal energies
is Gaussian, and the typical sample-to-sample fluctuations as well as the average value scale with
the system size L like ~ LInln(L). In contrast, the specific heat is shown to be self-averaging with a
distribution function that tends to a d-peak in the thermodynamic limit L — oo. While previously
a lack of self-averaging was found for the free energy, we here obtain results for directly observable
quantities, and implications for measurements in the actual lattice system are discussed.

I. INTRODUCTION

A varying degree of impurities is present in every material studied in the laboratory. The consequences of disorder
vary strongly from system to system, however. While for strong disorder randomness is accompanied by frustration
effects and often leads to the absence of long-range order ﬂ], the case of weak disorder is less spectacular in that it
cannot destroy the low temperature ferromagnetic ground state @—@] Still, in many cases one observes a change in
the character of the transition to this ferromagnetic phase. For pure systems with continuous phase transitions, as
revealed by Harris ﬂﬂ] weak disorder is relevant for the critical behavior only if the specific heat is divergent, i.e., the
corresponding critical exponent a > 0, as in these cases the random fluctuations grow faster with system size than the
energy fluctuations. The critical behavior is then governed by a new, random renormalization-group fixed point, and
the pure fixed point becomes unstable. On the other hand, first-order phase transitions in pure systems are softened
by the addition of weak disorder and, in some cases, are turned into continuous transitions [6, |7]. These effects of
weak disorder have been thoroughly studied both analytically ﬂ&lﬁI] as well as numerically lg—l]j , see Ref. ﬂﬁ] for
a review.

An intriguing aspect of systems with quenched disorder is related to the possibility of exceedingly strong disorder
induced fluctuations. In some cases, these might lead to a loss of self-averaging ], i.e., the behavior of a large
sample with a specific realization of impurities such as an actual material sample in the laboratory will not be well
described by the ensemble average normally calculated in an analytical or numerical approach. This clearly has
profound consequences for the physical interpretation of the outcomes and the possibilities for comparing theoretical
and experimental results. The presence or absence of self-averaging is connected to the question of the relevance
of disorder for the system studied ﬂﬂ, ], and it affects static as well as dynamic properties @, ] Recently,
an explicit expression for the probability distribution function of the critical free-energy fluctuations for a weakly
disordered Ising ferromagnet was derived for d < 4 and its universal shape was obtained at d = 3 m] As free energies
are not directly accessible in experimental or numerical studies, however, it is desirable to study the self-averaging
properties of directly measurable quantities.

A system of particular interest is the Ising model in two dimensions, where a wealth of exact results are available
for the pure case ﬂﬁ] When weak disorder in the form of random, but non-frustrating bonds is added, the Harris
criterion is unable to decide its significance as o = 0 and the system hence provides a marginal case. Still, it is
now well established that such weak disorder “marginally” modifies the critical behavior of this system so that the
logarithmic singularity of the specific heat is changed into a double logarithmic one ﬂﬂ@] While a number of further
aspects of this problem have been studied, such as the effect of correlated disorder in the form of extended impurities
ﬂﬂ], the question of the disorder distribution of measurable quantities and their (lack of) self-averaging behavior has
not been addressed to date. This is the subject of the present study.

The rest of the paper is organized as follows. In Sec. [[I] we recall the description of the critical two-dimensional
Ising model in terms of free Majorana fermions and show how this description can be extended to the disordered
system. In Sec. [[TIl we introduce the replica formalism for the energy distribution of the model. Section [[V] contains
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the renormalization group calculations for the disorder distribution of the internal energy, where we show that the
internal energy lacks self averaging at criticality. The typical value of its sample-to-sample fluctuations scale with the
system size L in the same way as its average ~ LInln(L). In Sec. [V] we extend this calculation to the specific heat
and see that in contrast the energy it is self-averaging, and its distribution turns into a d-function in the limit L — oc.
Finally, Sec[VIl contains our conclusions.

II. THE MODEL

It is well known that the critical behavior of the two-dimensional ferromagnetic Ising model can be described in
terms of free two-component Grassmann-Majorana spinor fields 1(r) = (11(r), ¥2(r)) with the following Hamiltonian

(see e.g. [29)):
1 [, . _
Holuir) = 5 [ @ 0o + rEwue)], 1)

where 7 & (T — T¢.)/T. < 1 and T, denotes the critical temperature [in what follows, to simplify formulas we define
7= (T —T.)/T.)]. Further,

0 = 01_17 + 09— (2)

- 01 . 0 —z . .. i 0
o1 =1{1¢9) 2=1\; o) 93=00=1\{y_;); (3)

are the Pauli matrices, and ¢ = 1 o3. At a given value of the temperature parameter 7 the partition function Z(7)
of the system () is

where

Zw:/mmm%%mﬂ} (4)

where the integration measure is defined as

[ o= Il [— [ dwrw d%(r)}, (5)

and the integration and commutation rules are

[avats) = 0. [ dvat)vate) = = [ valwdvat) = 1, (6)

Ya(r)s(t') = —s()alr) , [a()® = 0. (7)
Hence the free energy is
F(r) = —In[Z(7)]. (8)

Note that we did not include the usual temperature prefactor in the definition of the free energy (8). Our analysis is
performed close to T, which for simplicity is taken to be 1, and we are looking only for the leading terms (singularities)
in the parameter 7 = (T' — T,)/T, = T — 1. Therefore, in the limit 7 — 0,

F(r) = -T ln[Z(T)] = - ln[Z(T)] -7 ln[Z(T)] = — 1n[Z(7’)] + O(7). (9)
Simple integration of Eq. () yields

}1/2

Z(r) = [det (0+rd0)| ", (10)



where ¢y is the unit matrix, and the term on the right hand side is a symbolic notation for the determinant of the
L? x L? matrix defining the Hamiltonian () written in a discrete way on an L x L lattice. The free energy reads

1 .

F(r) = -5 In [det 0+ m}))} ~ —LQ/ d*p In(p* + 7°). (11)
Ipl<1

Note that the celebrated logarithmic divergence of the specific heat in the limit 7 — 0 follows immediately from Eq.

([@D:

2 d? Ya 1
C(r) = _8_F(7—) ~ LQ/ _ar L2/ @2 —. (12)
or? pl<1 P? + T2 lr| P 7]

The presence of weak quenched disorder in the considered system can be described by allowing for a spatially
varying local transition temperature 7, which, in turn, can be represented by quenched spatial fluctuations of the
temperature parameter 7 in the Hamiltonian (). In other words, the critical behavior of the weakly disordered
two-dimensional Ising model can be described by the spinor Hamiltonian

Hipir,o7) = & [ dr [B0)dw() + (v +6r(0) BE)w(r)]. (13)
2

where the random function §7(r) is characterized as a spatially uncorrelated Gaussian distribution with zero mean,

d7(r) = 0, and variance
O7(r)oT(r’) = 2g0d(r — 1), (14)

where the parameter go < 1 defines the disorder strength. For a given realization of the quenched function d7(r) the
partition function of the considered system is

Z[r; 1] = /D’t/] exp{—H[w;T,5T]} = exp{—F[T;5T]}, (15)

where F[1;d7] is a random free-energy function. The internal energy of a given realization is the first derivative of
this free energy with respect to the temperature parameter:

E[r;67] = (,%F[T;(ST]. (16)

It is clear that E[r;d7] must be a singular function of 7 in the limit 7 — 0 (in the pure system Fy(7) ~ 7In(1/|7])).
Additionally, E[r;d7] also must be a random function exhibiting sample-to-sample fluctuations. The distribution
function of these fluctuations is main target of the present study.

IIT. REPLICA FORMALISM
(From the definition (IG) we have

E|r;é7] = ll_r)n 1(F[T-l-e;&’] — F[r;é7)). (17)

0 €

Thus for a given finite value of € (which has to be sent to zero at the end) we have
e E[r;01] = F|r+€d71] — F[r;07]. (18)

According to the definition of the free energy, Eq. ([I3)), the above relation can be represented in terms of the ratio of
two partition functions,

exp{—€E[r;07]} = Z[r+€07) Z[r;67]. (19)

Taking the Nth power of both sides of the above equation and performing the disorder average we find

/ dE P;(E) exp(—eNE) = ZN[1 + ¢ 7] Z=N|[T;67]. (20)



Here, P, (F) is the probability distribution over disorder of the internal energy of the system at a given value of the

temperature parameter 7 and (...) denotes the average over the random functions 67(r). Following the standard tricks
of the replica formalism the above relation can be represented in the following way:

/dE P.(E) exp(—eNE) = I\l/[igIOZN[T-i-E;(ST] ZM=N[r:§7] = I\l/[iglo Z(M,N;T,¢). (21)

In terms of this formalism, first it is assumed that both M and N are integers such that M > N. Then, after deriving
Z(M, N;1,¢€) as an analytic function of M and N, these parameters are analytically continued to arbitrary real values
and the limit M — 0 is taken. Finally, we introduce a new analytic parameter s = ¢ N and, provided that it exists,
take the limit € — 0, such that the relation ([2I)) becomes the Laplace transform of the probability distribution function
P, (E),

/dE P, (E) exp(—sE) = llﬁng)&lgo Z(M,s/e;T,e) = Z(s,7). (22)

Thus, the above procedure, although it is not well-founded from a mathematical point of view, at least formally allows
to reconstruct the function P(E) by the inverse Laplace transform:

+ioco s -
P.(E) = / 95 Z(s,7)exp(sE). (23)

— 100 2mi

To proceed, consider the structure of the replica partition function Z(M, N;7,¢€). According to the definitions (IH)

and (21)),

Z(M,N;T,¢e) = /D’t/] <exp{—iH[wa;T+e,(5T] — i H[z/Ja;T,5T]}>. (24)

a=N+1

Substituting here the Hamiltonian ([I3]) and performing Gaussian averaging over d7(r) using Eq. (Id]) we find:
Z(M,N;T,G) = /D?/} eXp{_HM,N[w;Tve]} = exp{—]:(M,N;T,e)}, (25)

where F(M, N;T,¢) can be called the “replica free energy” and

HM,N[w;Ta 6] = / [%Z 5% Zma Ya I‘ - _90 Z ("/’b( )wb(r))‘|7 (26)

=1 a,b=1
where

(t4¢) fora=1,..,N,
Mme = (27)
T fora=N+1,...,.M.

The expression obtained, Eq. (2], has the form of an effective Hamiltonian of the random Ising model, but with
replica-dependent masses. As we will see below, this difference will further influence properties of the internal energy
distribution. In the next section we will derive the function F(M, N;7,¢) of Eq. (25) using standard procedures of
the renormalization group approach.

IV. RENORMALIZATION GROUP CALCULATIONS

It is well known that the spinor-field theory with four-fermion interactions is renormalizable in two dimensions, and
the renormalization equations lead to “zero-charge” asymptotics for the charge g and mass m (see, e.g., Ref. M])
Renormalization of the replica Hamiltonian (26]) can be achieved in a standard way by integrating out short wave-
length degrees of freedom in the band A < p < A, where A and A are the old and new ultraviolet momentum cut-offs,



respectively. One can easily show that the renormalization of the charge g and the mass m, in the Hamiltonian (26))
is given by the following equations [cf. Egs. (4.28) in Ref. [24]]:

96 = —2 (2= M) 5*©) (28)
Lrn©) = —L(mat) — Smu(©) 966 (29)
dgma = . me b:1mb g )

where £ = ln(A/A) and

m(§) fora=1,..,N

ma(§) = (30)
m(§) fora=N+1,..., M,

with the initial conditions ¢(0) = go, m(0) = (7 + €) and m(0) = 7. Substituting Eq. B0) into Eq. 23] we get:

€)= —2[(©) = Na©) = (M = Mym(e)] 9(6), (31)
d%ma = ——[m©) ~ Nm(©) ~ (M~ Nym()] o(6) (32)

The solution of Eq. (28]) is
9() = 0 (33)

1+ 2(2-M)go¢’

Equations (28)—(29) have been obtained in the one loop approximation. The two-loop approximation has been studied
in Ref. HE], where it was shown that it gives only a next-order logarithmic correction to the one-loop result. Therefore,
being interested in the leading asymptotics, we proceed further within the one-loop approximation. Substituting the
above solution (B3) into Eqs. BI)B2) in the limit M — 0 one easily finds [32]:

m(©) = |7+ 3(eN) (1 + %goﬁ)] A©), (34)
W(E) = m(E) + cA), (35)
Ag) = — 1 (36)

V14 2g0¢

The critical properties of a model with “zero-charge” renormalization [according to Eq. (33, g(§ — o0) ~ 1/& — 0]
can be studied exactly by renormalization group methods [30, 31] (see also [24]). Proceeding in the standard way, for
the singular part of the “replica free energy” F(0, N;T,€) of Eq. (25) one obtains:

F(O,N;T,¢) = —ln{Z(O,N;T,e)]

- g2 /|p|<1 (d;’); In [det (iﬁ n m(p)&o)N/2 x det (iﬁ + m(p)&o)_N/Q] , (37)

where [cf. Eqs. (2)-@))]

Here the mass parameters m(p) and m(p) are taken to be dependent on the scale according to Eqs. (B4)—-(B6]) with
¢ =In(1/p). Simple calculations yield [cf. Eq. (11)]

2
Foxing = 2 [ o [%Nln(ﬁ +0) - 5N (s +m2<p>>]

1 1
= ——I°N [ dppl 39
4 /0 prn p? +m?2(p) (39)

p* + (m(p) + eﬁ(p))j _



Substituting here the solutions ([4)—(Bd) in the leading order in € — 0 we get (see the Appendix for details):

2m<p>A<p>]

R

1 1
F(0,N;7,€) —4—L2N/ dpp In|1 + €
a 0

p? +m?2(p)

L ! 2(eN)In[1+ 2goIn(1/p)]
L N)/O DD T Ty E (o]

_i 2(¢ ! @ T-i-%(eN)ln[l—i— ;goln(l/p)}
2N 7| P 1+ 2goIn(1/p)

12

R

= B(r)(eN) — 3Er)(eN)?, (10)
where

E(r) = —%gOLQTln(l—i-%goln(l/hD), (41)

- 2\/_Lln(1+ goln(1/|7'|)) (42)

Thus, for the replica partition function on the r.h.s. of relation (22]) for the Laplace transform we obtain according to
definition (25)):

Z(s,7) = 21_{1(1) exp{—f(O,s/e;T,e)} = exp{—E(T)s + %EE(T) 52}. (43)

Substituting this into the inverse Laplace transform relation ([23]) we get:

P.(E) = /Hmd— exp{ E(r)s + %EE(T) $ 4 sE}, (44)

ico 2T

or

Po(E) = w} 5)

1
VarEL(7) e"p{‘ 2E3(7)

Thus, the sample-to-sample fluctuations of the critical internal energy of the weakly disordered two-dimensional Ising
model are described by a Gaussian distribution characterized by the mean value FE(7) given in Eq. (Il and typical
deviations F,(7) as given in Eq. [@2). Let us check the behavior of P.(FE) as L — oo and for 7 — 0. If, in this limit
the distribution ([@5) tends towards a d-function, then E is self-averaging, otherwise it is not.

In close vicinity of the critical point where the disorder induced critical behavior sets in, i.e., at 7 < exp(—7/2go),
one finds:

5
Ny
R

Loy
_4_90L 7 Inln(1/|7]), (46)
E. (1) ~ N—_Llnln(1/|7'|). (47)

At large but finite value of the system size L, we expect the pseudo-critical temperature to scale as 7. ~ L™ = 1/L,
and hence

Eo(L) = B(r = 1/L) ~ —giL mln(L), (48)
0
. = = ~ L nln
FA(L) = B.(r =1/) ~ —=Lnln(L). (49)

Comparing Eqs. ({@6), (4]), (@9), and (@) one concludes that at sufficiently large system size, L > exp(m/2go), the
critical internal energy F can be written as a sum of its mean value and a fluctuating part:

1 1
EF ~ —LInln(L) + —L Inln(L) - f, 50
S L)+ e nin(l) (50)



where the random quantity f does not scale with L, f ~ 1, and is described by a standard normal distribution

PP = o= o (—%F)- (51)

Eqs. (BO)-(EI) demonstrate that at criticality the internal energy of the 2D random-bond Ising ferromagnet is not

self-averaging as the typical value of the sample-to-sample fluctuations, E¥(L) ~ g, 12y Inln(L), scale with the
system size in the same way as its average value, E.(L) ~ go 'Ln In(L). We note that the renormalization group
framework we use in our analysis gives access to the singular part of thermodynamic functions only, and is not able
to say anything about the behavior of non-singular background terms that are present in a specific lattice realization.
Therefore, it is this singular part of the internal energy that is governed by the distribution (@H]).

V. SPECIFIC HEAT

We now turn to an investigation of the behavior of the specific heat. To this end, we repeat the steps performed in
Secs. [Tl and [[I] for the second derivative of the free energy,

82
[07] = —— F[r; 7). 2
C[r; 7] 53 [7;07] (52)
In terms of the replica formalism, instead of Eqs. (IT)-@I)) we get
1
C[r;61] = —lim - (F[T +¢€01] + Flr —€,671] — 2F[7; 57’]), (53)
e—0 €
so that
exp{62 Clr; 57’]} = Z[r+ ¢ 07| Z[T — € 07| Z_2[7'; gl (54)
and
/ dC P-(C) exp(e’NC) = lim ZN[r +¢;67] ZN[r — €;67] ZM—2N[r;67] = lim Z.(M,N;T,e€), (55)
M—0 M—0

where P, (C) is the probability distribution function of the specific heat. Correspondingly, instead of Eqs. 22)—-(23)
we have

/dC’ P, (C) exp(sC) = lim lim Z.(M,s/e*;7,¢) = Z.(s,7), (56)
e—0 M—0
with s = €N in this case and
+i00 ds -
P-(C) = " %ZC(S,T)GXP(—SC), (57)
where
2N = [ Do exp{-HG ylird} = exp{-F.(Nim0), (58)

and the replica Hamiltonian HE\Z{N[UJ; 7, €] is defined by the r.h.s of Eq. (28] with
(t4¢€) fora=1,...,N,
My = (r—e€) fora=N+1,...,2N, (59)

T fora=2N +1,..., M.
The renormalization of the charge g and the mass m,, of this Hamiltonian is given in Eqs. (28)—(29) where

my(§) fora=1,..., N,
me =  ma(§) fora=N+1,...,2N, (60)

m(&) fora=2N+1,..., M,



with the initial conditions m1(0) = (7 + €), m2(0) = (7 — €) and m(0) = 7. One can easily show that in the limit
M — 0, the sum

M
lim (Z_;ma@)) = N (mi(©) +ma(©) — 2m(©) = 0, (61)

M—0

so that the solutions of the RG equations 28)—(29) for the masses mi (&), m2(€) and m(&) turn out to be effectively
decoupled [unlike the situation for the internal energy, Eqs. (34)—@4)]:

ml(f) — Ti—i_e7 (62)
V1 + 290¢
ma(€) = —m—, (63)

l—l—%go

1+ 2g0¢

i

Correspondingly, instead of Eq. (89) we obtain

d?p
(2m)?

Fe(0,N;7,€) = —L? / - [%Nln(p2 + m%(p)) + %Nln(p2 + m%(p)) — Nln(p2 + m2(p))1

1 1
= —4—L2N/ dpp In
a 0

(p* +mi(p)) (p* + m3(p)) ] _
(p? +m2(p))”

Substituting here the solutions (62)—(G4) in the leading order in € — 0 we get [c.f. Eq. (39)]

dpp

1
Fe(0,N;7,€) = ——L*¢N
( ) T /o (p% +m2(p)) (1 + 2 go lﬂ(l/p))

2

—1L2€2N 1@ 1

7T | P (1 + 2g, 1n(1/p))

— —ENCO(), (66)

R

where
C(r) = L2 ln(l—l—zg In(1/|7))) (67)
290 ™ 0 '

Substituting this into the inverse Laplace transform relation (B1) we get:

PC) = /Hmﬁ exp{C(r)s — Cs} = 5(C ~ o). (68)

oo 2T

This result shows that unlike the singular part of the internal energy the specific heat in the vicinity of the critical
point is a self-averaging quantity. In particular, at large but finite value of the system size L > L. ~ exp(2/mgo) at
the critical point at 7. ~ 1/L, according to Eq. (67) the critical specific heat C(L) scales with the system size as

C(L) ~ L In(L). (69)
290

Note, that the distribution (G8]) describes only the singular part of the specific heat, similar to the distributions (45

and (BI]) which describe the singular part of the internal energy. As a matter of fact, the singular part of the “replica

free energy” represented in Eq. (68) is linear in the replica parameter s = ¢2N. Formally, by the inverse Laplace

transform this results in the é-function (68]), which may be misleading as the specific heat of the system contains also



a regular part that is non-singular in the limit 7 — 0. As we have already mentioned, this last part is out of control
for the present renormalization group approach, however it is a random quantity too. According to the central limit
theorem this regular part is normally distributed with its mean value proportional to the volume of the system (~ L?,
in the present case) and with a variance proportional to the square-root of the volume of the system (~ VIL? =L,
in the present case). In other words, the regular part of the specific heat can be represented as CyL? + O, L{ where
the random variable  is normally distributed with zero mean and unit variance, and the values of Cy and C, do not
scale with L as L — oco. Correspondingly, in the replica representation this must give two additional contributions to
the replica free energy: in addition to the expression presented in Eq. (66]) one has two more terms CoL?s + (C, L)?%s?
(where s = ¢2N). Thus, after the inverse Laplace transform the §-function (G8) is replaced by a Gaussian distribution
with the mean value C(7) + CoL?, where C(7) is given in Eq. (67)), and variance C,L. In the limit L — oo this
results in the following behavior of the specific heat:

C(r=1/L)~ L*Inln(L) > CyL* > C.L. (70)

Consequently, in this limit the distribution of the specific heat (which includes both the regular and the singular part)
turns into a é-function centered at C(L) ~ L?InIn(L), corresponding to self-averaging.

VI. CONCLUSIONS

We have derived an explicit expression for the probability distribution function of the sample-to-sample fluctuations
of the internal energy of the weakly disordered critical two-dimensional Ising ferromagnet. The result obtained,
Eqs. (B0)—(EI), shows that the internal energy of this system is not self-averaging. Instead, the typical value of its
sample-to-sample fluctuations scales in the same way as its average, proportional to ~ LInln(L). On the other hand,
the specific heat was shown here to exhibit self-averaging, with a distribution function that converges to a §-function in
the limit of infinite system size. In contrast to the free energy of the system, which was discussed before in Ref. @],
the quantities discussed here are directly observable in experiment as well as in numerical simulations. It is not
completely obvious at this point in how far the singular behavior is masked in a lattice realization by the presence
of regular background terms and how clearly the lack or presence of self-averaging could be seen experimentally. A
numerical investigation of this system geared towards resolving this intriguing question is the subject of a forthcoming
study.
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Appendix A: Derivation of Eq. (40])

In this Appendix we explain in more details the derivation of Eq. (#0]). Let us consider the quantity

1) = /| T2 m(/p)]. (A1)

|<1 P? + T2

where f(£) is a “sufficiently good” (not too divergent) function in the limit { — oo, i.e., lime oo f(§) exp{—&} — 0.
The leading singularity of I(7) in the limit 7 — 0 can be estimated in the standard way:

d2p Ldp In(1/[r[)

10 ~ [ SR ~ [ L] ~ [ a0, (A2)
|r|<|pl<1 P |r| P 0

where £ = In(1/p). Now let us consider the slightly more complicated object

i(r) = / P Fin(1/p)], (A.3)

<1 P2 +m?(p)
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where instead of 72 in the denominator we have a p-dependent mass term m?(p),

7,2

T Zpm(i/p) (A-4)

m*(p) =
which is the case when computing the specific heat singularity of the weakly disordered 2D Ising model. One can

consider two limiting cases:

(a) 2goIn(1/|7]) < 1 or |7| > exp(—m/2g9) = 7.. In this case while integrating over p one can just drop the
presence of the nontrivial denominator in (A4) and we get

) ' dp In(1/I71)
i) ~ [ Fslmam] ~ [ a0, (A5)
which coincides with the ”pure” case (A.2]).
(b) 2goIn(1/|7]) > 1 or |7| < 7.. In this case we have
~ d*p Lodp
i) = [ EE i) ~ [ rma), (A0
pl<1 P? +m?(p) [ ] pu(r) P | }
where p.(7) is defined by the condition:

T
R i (A7)

Vgoln(1/p.)’

which yields

" _ . A8
P) D (4.8)
Substituting this in (A6), we get
& (T)
Iv>~(A de 1(©). (A.9)

where in the limit |7| — 0,
£.(r) ~ h{%} = n(1/lrl) + Zh(l/lr]) + gin(go) ~ W/l + O(in(1/l7)). (A10)

Thus, in this case we get

In(1/|7])
Iv>~(A de £(6), (A11)

which means that in the limit 7 — 0 in both cases (a) and (b) we can cut the integration over p at p. ~ 7.
Note that in the considered model |7|~! ~ R, is the correlation of the pure system, and the presence of disorder
produces not more than a logarithmic correction to the correlation length.

In the case considered in this paper the situation is somewhat more tricky due to the presence of the second term in
the brackets of Eq. (B4). According to Eqs. 34)—(Bd) in the limit 7 — 0 (at |7| < 7. where go& > 1) we have

r 4 3(eN) In(go(1/p))
9o In(1/p)

According to the standard logic of the replica technique, first we have to assume that for a given value of the replica
parameter N the value of the parameter € is considered to be less than everything else, such that (e N) Inln(1/|7|) < 1,
so that the integration over p is cut at p, ~ 7 as in the above examples. On the other hand, in the further inverse

m(p) ~ (A.12)
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Laplace transform integration over analytically continued complex parameter N, its relevant value turns out to be of
order 1/e, which means that the relevant value of the (complex) product (eN) turns out to be finite.
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